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In permitting me to dedicate to you the following pages, 
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losopher are so universally acknowledged, and so highly 
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you that 

I am. Sir, 
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Your most obliged and most obedient servant, 

THE AUTHOR. 



PREFACE. 



The first edition of the present Work was printed in octavo, 
and published at a price too high to warrant any very 
san^ine expectations as to the extent of its circulation. 
It gradually, however, found its way into the principal 
educational establishments of this kingdom — was adopted 
in the colleges of the United States* —in the African College 
at the Cape of Good Hope — and in New South Wales. 
This extensive patronage, unexpected alike by the publisher 
and myself, I attribute — not to any novelties contained in 
the book, but entirely to the efforts I had made to simplify 
as much as possible the more difficult parts of the subject, 
and thus to present to the young mathematical student a 
clear and perspicuous view of the fundamental principles of 
analytical calculation. Many complaints have, however, 
reached me from mathematical teachers, to the effect that 
the practical examples were not found sufficient in number 
fully to illustrate the theory. My own experience has 



• An American reprint, ably edited by Mr. Ward, of Columbia College, 
was published, in 1832, at Philadelphia. 



VI. PREFACE. 

proved to me the justness of this complaint^ and has, more- 
over, led me to detect several other blemishes in the work. 
In this new edition, it is hoped that these faults will be 
found in a great measure to have disappeared. The practical 
part has been considerably augmented throughout, the theory 
corrected and improved, and several new and interesting 
topics added. One subject, touched upon in the former 
edition, it has been thought advisable to exclude from this, 
— the chapter on the Theory of the Higher Equations; 
but the exclusion which has been thus made, as well as 
the additional matter which has been introduced, seemed 
equally necessary, to render the book better adapted to the 
wants of beginners, and more suitable for junior mathema- 
tical classes, in places of public education. Besides, in the 
progress of any science towards perfection, some depart- 
ments of it are always found to receive more from the 
contributions of time than others ; these departments gradu- 
ally increase in magnitude and importance, till at length, 
detaching themselves from the main body, they become 
objects of individual importance and of distinct attention. 
Such has been the case with the Theory of Equations. That 
it is strictly a branch of pure Algebra there is no doubt ; 
but it has exercised the talents and received the contribu- 
tions of so many great men, and has, consequently, at 
length acquired such extent and importance, as to have 
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assumed the form of a distinct department of analysis. The 
discussion of this subject is therefore reserved for a separate 
volume, now at press, which will form a supplement to the 
present treatise. 

The following brief enumeration of the principal topics 
discussed in this work is extracted, with slight modifications, 
from the Preface to the former edition. 

Chapter I. contains the Preliminary Rules of the science, 
in which the fundamental principles of operation are ex- 
plained and illustrated. 

Chap. II. is on Simple Equations, and commences with 
some propositions preparatory to entering upon the solution 
of an equation, which operation they are intended to render 
more easy and inviting. Then follow the several methods 
of solving simple equations involving one, two, and three or 
more unknown quantities; each of these methods being 
illustrated separately, not only by algebraical examples, but 
also by practical questions ; a mode rather different from 
that usually adopted, but which appears to be preferable, as 
it affords the student an early opportunity of applying the 
principles that he has acquired to useful and interesting in- 
quiries, an exercise which is generally found to be peculiarly 
pleasing and encouraging. 

Chap. III. treats of Ratio, Proportion, and Progression, 
both arithmetical and geometrical; and, although the ge- 
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neral formulas are fewer in number than those given in most 
books on this subject, yet it is shown that they are amply 
sufficient for every variety of case, and that therefore it would 
be superfluous to extend their number. 

Chap. IV. is on Quadratics, and on Imaginary Quantities. 
This chapter is of a more difficult nature than either of the 
preceding, and proportionate pains have been taken to ren- 
der the modes of operation clear and intelligible ; the solutions 
to some of the more difficult examples, which are given at 
length, will be of service to the student in cases of a similar 
nature, and will manifest to him how much a little judgment 
and ingenuity on his part will add to the elegance of his 
operation. The article on Imaginary Quantities, with which 
this chapter concludes, will be found to contain some ob- 
servations tending to remove the obscurity in which this 
subject is usually enveloped. 

Chap. V. contains the general investigation of the Bino- 
mial Theorem. The demonstration of this celebrated theo- 
rem in a manner adapted to elementary instruction, has 
always been considered as an object greatly to be desired, 
and many attempts have accordingly been made by different 
mathematicians for this purpose: all, however, that have 
yet appeared have been objected to, either on account of 
unwarrantable assumptions at the outset, which have conse- 
quently weakened the evidence, and rendered the demon- 



stration incomplete, or because of a too tiresome and ob- 
scure method of reasoning, which has been incomprehensible 
to a learner. The demonstration given in this chapter is, I 
believe, different from any that has been previously offered, 
and appears to be more simple and satisfactory than any 
which I have had an opportunity of seeing. In the practi- 
cal application of this theorem to the expansion of a bino- 
mial, it is always best to separate the case in which the 
exponent is integral, from that in which it is fractionaly 
because, in the former instance, the process by the general 
formula is unnecessarily long and troublesome; a different 
method of proceeding is therefore usually pointed out; but it 
is rather singular that it has been applied only when the ex- 
ponent is B, positive integer: as, however, it is equally appli* 
cable when the exponent is a negative integer, it is here 
extended to that case. 

Chap. VI. explains the nature and construction of Loga- 
rithms, and shows their importance in their application to 
several useful inquiries relating to interest, annuities, &c. 

Chap. VII. is devoted to Series; and a new method for 
the summation of infinite series is given, which it is thought 
will be found to be more direct and easy than those gene- 
rally used in elementary works. Several interesting subjects 
connected with series will be found in this chapter. 



Vlll. PREFACE. 

neral formulas are fewer in number than those given in most 
books on this subject, yet it is shown that they are amply 
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der the modes of operation clear and intelligible ; the solutions 
to some of the more difficult examples, which are given at 
length, will be of service to the student in cases of a similar 
nature, and will manifest to him how much a little judgment 
and ingenuity on his part will add to the elegance of his 
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stration incomplete^ or because of a too tiresome and ob- 
scure method of reasoning, which has been incomprehensible 
to a learner. The demonstration given in this chapter is, I 
believe, different from any that has been previously offered, 
and appears to be more simple and satisfactory than any 
which I have had an opportunity of seeing. In the practi- 
cal application of this theorem to the expansion of a bino- 
mial, it is always best to separate the case in which the 
exponent is integral, from that in which it is fractional^ 
because, in the former instance, the process by the general 
formula is unnecessarily long and troublesome; a different 
method of proceeding is therefore usually pointed out; but it 
is rather singular that it has been applied only when the ex- 
ponent is 9, positive integer: as, however, it is equally appli* 
cable when the exponent is a negative integer, it is here 
extended to that case. 

Chap. VI. explains the nature and construction of Loga- 
rithms, and shows their importance in their application to 
several useful inquiries relating to interest, annuities, &c. 

Chap. VII. is devoted to Series; and a new method for 
the summation of infinite series is given, which it is thought 
will be found to be more direct and easy than those gene- 
rally used in elementary works. Several interesting subjects 
connected with series will be found in this chapter. 
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Chap. VIII. is on Indeterminate Equations of the first 
dgeree. In this chapter also some improvements will be 
found. The rule given at page 244 for solving an indeter- 
minate equation involving two unknown quantities, is more 
direct and concise than the usual method, and equally 
simple. 

Chap. IX. contains the principles of the Diophantine 
Analysis, or of indeterminate equations above the first de- 
gree, and concludes with a collection of diophantine ques- 
tions ; several of which are solved, in order to exhibit to the 
student the artifices which are sometimes to be employed in 
this part of the subject. This chapter has little claim to 
novelty, except as far as relates to the introduction of some 
new questions, and to the new solutions given to others. 

From the above outline an idea may be formed of the na- 
ture and pretensions of the work here submitted to the 
judgment of an impartial public ; and if, upon examination, 
it shall be found that I have at all succeeded in my endea- 
vours to lessen the labours of the student, it will afford me 
the highest satisfaction. 

J. R. YOUNG. 

Royal College, Belfast ; 
August Idth, 1834. 
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CHAVTait z. 

ON THE PRELIMINARY RULES OF THE SCIENCE. 

Definitions. 

(Article l.J Algebra is that branch of Mathematics which teaches 
the method of performing calculations by means of letters and signs — 
the letters being employed to represent quantities, and the signs to 
represent the operations performed on them. 

(2.) The sign + {plus), denotes addition. 
. . . — {fninns), denotes subtraction. 

Thus, a -|- 6 signities that the quantity represented by b is to be 
added to that represented by a ; and a — b signifies that the quantity 
represented by b is to be subtracted from that represented by a. If, 
for iDBtance, a represent 10, and b 2, then a -{- b is 12, and a — ^ is 8. 

(3.) X (Into)y denotes multiplication. 

-7- (Divided by), signifies that the former of the two quantities, 
between which it is placed, is to be divided by the latter. 



2 DEFINITIONS. 

Thus, a X b signifies that the quantity represented by a is to be 

multiplied by that represented by b ; and a -7- 6 signifies that a is to be 

divided by 6. Multiplication is also denoted, sometimes by a dot 

placed between the quantities to be multiplied, as a . 6, or without any 

sign, as simply a b, each of which is the same as a x 6. Division also 

is often denoted by placing the dividend over the divisor^ and drawing 

a 
a line between : thus, — is the same as a -7- 6. 

b 

(4.) = (Equal to), denotes an equality of the quantities between 
which it is placed. 

Thus, 04-6 = 12, signifies that a plus b is equal to 12 ; and a — b 
:= 8, signifies that a minus b is equal to 8 : also, a-\-c^'ds=zb -^ e, 
denotes an equality between a -f- c — d and b-\-e, 

(5.) The power of any quantity is that quantity multiplied any number 
of times by itself. Thus, a x <^ is the second power of a, and is ex- 
pressed in this manner, a^; also, a x a X a is the third power of «, 
and is expressed thus, a^; likewise a^ is the fourth power of a; a* the 
fifth power of a, &c. 

(6.) The root of any quantity is a quantity which, if multiplied by 
itself a certain number of times, produces the original quantity; and 
it is called the second root, third root, &c. according to the number of 
multiplications. Thus the second or square root of a is a quantity 
whose square or second power produces a ; the third or cube root of n 
is a quantity whose cube or third power produces a ; the fourth root 
of a is a quantity whose fourth power produces a, &c Bxtots are 

represented thus : ^a, ^a, :^ay &c. or a^, a*, cr, &c. either of whidi 

forms respectively represent the square root, cube root, fourth root, &c. 

Tn the case of the square root, however, the 2 above the radical n|g» 

^ is usually omitted. Suppose a = 1 6, then ^a or a' = 4, because 

4 X 4, or 4*= 16, also ^/cr, or o* = 2, because 2x2x2x2, or 

2^ = 16. 

(7.) If unity be divided by any power or root of a quantity, as 

111 

— , — , — , &c., it is also expressed thus: ar^, ar^, a— J, &c. 

a' (^ fli 
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4, and 7; when no number 
quantity is lo be laken but imce 
the quantities jy, abe, yi, &c. I 
Ihe 1 being understood altliougb 

It is aometimea found 



itfsroall figures nscd to denote powers or raoa are called indket\ 

(R.) A si'ppie quantity is that whieli consisls of but one term, as a, 
lit, 4fcr, &c. 

(9.) A compound quantity consists of two or more timpte qumtjtie*, 
33 a-i- h, 3ab — inti -{- f, && If a compound quantity consist of but 
two lercns, it is called a binomial ; if of three terms, a trinomial ; if of 
four terms, a quadrinamial ; and if of more than four, a pvl^nomiul or 
multinomial. 

(10.) The eoegicient of a quantity is the number prefixed to it lu 
denote liow many limes it is to be taken. Tims, Sr signifies tive 
liraes the quantity i, and the number 5 is the coefficient of x. Also, 
in the expressions 3.r^, 4abc, 7>iz, &c., tbe coefficients are severally 
is prefixed, as ig the case when the 
, ne say thai the coefficient is unity; 
ire in fact the same as \xi/, laic, ly-, 
it does not appear. 

., when the coefficients are large 
Bumbets, to represent them, as well as the quantities which they 
multiply, by letters; choosing always, agreeably to art. {!), the leading 
letters of the alphabet for this purpose ; and hence arises the verbal 
distinction between niinieral coefficients and littral coefficients. Thus, 
if we agree to represent the number 46852 by ii, then 46352 1 way be 
more briefly written ax, where x has the literal coefficient o. 

(11.) Like terms are those of which the literal parts, disregardiua 
ilie coeScients, are the same; that is,' however their coefficients may 
differ, the quantities lo which they are prefised are all alike. Thus the 
following terms with numeral coefficients are lAc terim, viz. 4aj, 
7<ii, 2ax, ax, he; and so are these with literal coefficients: ax, 

(12.) Vnlike terms are those which consist at different htlert, as tlie 
icrm'! 4oi, Ted, ff, &c- 

(13.) A vi'iculuj/i or bar , or a parenthesis ( ), is used lo 

connect several quantities together. Thus, a + x x b, o 

signifies thai the compound quantity -|- X is lo be multiplied by 

jlso, 2ac + 36 X iax — 21'i), signifies diat 2iic + 3b is to be multipli 
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by 4ax — 26y. The bar is also sometimes placed vertically, thus: 

ax 

— If is the same as (a — 6 -f- c) i*, or « — 6 -|- c , x, 

+ c 

(14.) To avoid the too frequent repetition of the word therefore, or 
consequent fy, the sign .*. is sometimes used. 

Note. Quantities with the sign -{- are called positive or affirmative 
quantities, or additive quantities ; and those with the sign — are called 
negative or suhtractive quantities. A quantity to which no sign is pre^ 
fixed is understood to be positive; we need, therefore, prefix the positive 
sign only as a means of connecting the quantity to which it belongs to 
one which precedes. Thus in the first example, page 5, the positive 
quantities 6ax and 7nx would be understood to be positive even if the 
-f before them were omitted ; the insertion of this sign is therefore in 
these cases superfluous ; but in example 4, the positive quantity 4jr 
requires the insertion of its sign to link it to the preceding quantity 
6a, which is itself positive, but has no such need for the sign. 
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CASE I. 



(15.) When the quantities are like, but have unlike signs. 

Add the coefficients of all the positive quantities into one sura, and 
those of the negative quantities into another. 

Subtract the less sum from the greater. 

Prefix the sign of the greater sum to the remainder, and annex the 
common letters. 

The reason of this is evident: for the value of any number of 
quantities, taken collectively, of which some are to be added, and others 
.to be subtracted, must be equal to the difference between all the ad- 
ditive quantities and all the subtractive quantities. 
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EXAMPLES. 




Add together the following quantities : 






Ex.1. 


Ex. 2. 




Ex.3. 


+ 60* 


Ixy 




-.4ftx» 


— 2ax 


16ary 




lOftcS 


-|-7a« 


— 8xy 




7ft** 


— ax 


2jy 




— 3ft«* 


Sam lOox Sam l^jey 


Sum — 4fti* 


4. 




5. 


6a + 4jr 






2ft +8* 


4a + 8« 






9ft + 7* 


— 6a — 2s 






4ft +2* 


ta-Sx 




Sum 


3ft — 4* 


Sum 12a + 7x 


13* 


6. 


7. 


4a> + 6bg 




7\/3/ 


-4 (a + 6) 


3a* + 5ftx 




6Vy + 2(a + ft) 


7a* — 4ft* 




2 V2/ + (a + *) 


2a* + 2ix 




's/y- 


-3(a + ft) 
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8. 



a(a-f-6)+ 3>/a — x 

— 4a (« + *)+ 7 n/ a — a* 
11a (a + 6)— es/a — a? 

— 2a (a + 6)— 2\/ a — i 
5a (a + 6) + 14 n/ a — « 



9. 

. 7x3 y — 2x A^y -f- 7 

aiy-\' 3a.yi + 2 » 

3xa y — xy 3 — 6 

9xay — 4xv'y — 3 

— 247*1/ +7x^/y +1 



10. 

4 (* + 3/^' + V aiy« 
7 (j? + y )» -f- 4 wxyz 

V «• 4- 3/ — 3 C^yz)' 
3 (.y -f 3/)* + 7 (ays)* 
17(x + y)^+2>/^ 
3 n/j? -f y -f (ays)* 



11. 
5x v^"a"+y — 2xyy -f- v^2 
3x (a + y)i + Bxyi + 2* 
-8a?(a + y)l — 4a?yi +3^2 
7x^a+y +3xyy + 2v^2 
2x(a + y)i + 5x^2/4-2* 
9x\/a"+^— 8xyi — 8iy/2 



12. 

— 3 (ax + *y + <?s)i— n/^"+7* + a — * 
2yax + *y + « +(^ + 1/3)^ — 3(a — 6) 
7 ax + 6y + cz* — Vx^+i/' +2(a — *) 
3^(ax + «y-f-e2) + (x2+y>)i + a — * 
— 5 4/(a^ + iy4-cs[) + (x^.+ y^)! — 2a'^^ 
(flfx + fty + cs)i — -n/ x« + y« — 3 a — * 
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CASE II. 



(16.) When both quantities and signs are unlike, or some like and 
others unlike. 

Find the value of the like quantities, as in the preceding case, and 
connect to this value, by their proper signs, the unlike quantities. 

Thus, in the first of the following examples, we find that there are 

Jour quantities like x^, viz. two in the first column, and two in the 

second,* whose value, by the former case, is 2a:* ; also, there are three 
quantities like ax, one in each column, whose value is 3ax ; there are, 
likewise, three quantities like ab, whose value is — 4ab; and there are 
Jour quantities like xy, whose value is 4^-^ ; but, as x has no like, it is 
merely connected to the value of the like quantities by its sign — . 

1. 

ab — tk/x + xy 
ax-\- xy — 4a& 
«' -|. ^x — X 
xy 4" xy -^ ax 



Sum 2xi -f- 3ax — 4a6 + 4ay — « 

2. 

* 

3Cc + rf)i«+ 4y— a^y 

6««2/ — 2ar-f 12 

3a« — r^y -f (c -f <0 ** 
^y^ 2y--14 

Sum 4 (c + d) «3 -^ 7y — v^y + 6r»y — 4aa: — 2 



* The ftudent must not forget that x^ and j^c are like, each expression 
repreientlDg the square root of af» (Def. 6, page 2.) 



8 ADDITION. 

3. 4 

v'ar + Sa* — 2n/ b — x 2ab -{■ 12 --.r»y 

Ja* — 2xy -f 3 ^x «' 3/ + *y + 10 

4xy -f 3a* + (^ — *)' 3*3/3 -^ 2x'y — ^y 

jji-f 8xy--26 5xi/ + 11 +^v^y 

7 — v^x-fax 17 — 2x*y--x^y 



i- 



5. 
Vdr»-|^y» — s/^F^I^ -f 2xy 

4j^ — (x« — 3/*)i 4- n/x' 4- y* 
3(x« + y«)i— 5xt/ +7(x» — 2/«)i 

— 7jy 4- 2\/*M-y* — 3 v'i* — y* 



2 -y;;?^ — 3a ^, 4. jf» ._ la 

«V^4- I2a?3 - 17 4- (ay;* 

3a' — n/^ 4- aj?i — 3 
8 (ri/)i 4- — 2a v'* 4- 3.** 
^ -I- 3j^? 4. 4 ^xy — a /s/» 



(17.) When the coefficients are literal instead of numeral, they are 
to be collected in a similar way ; but here their several sums will have 
a compound form, as in the following examples : 







ADDITION. 








1. 

ax 4" *y' 








cdx + 


ad^ 






+ crf. 


6x 


cy« 




(a 


f 6)» + (6 + arf— c)y« 






a. 








ax 


+ dy» 








Ay 


— dx 








— 6y« + my 


ft)ya. 




(a- 


-rf)x 


+ (rf- 


4-(* + m)y 


3. 








4. 


x'+arft 






N/* + *y 


i«»- 


ns 






ax — % 


ia« + 


CffX 






amy + c ^x 


</x«— 


-m2^ 






rf.+y 



5. 6. 

a Vx»— y' + * N/i^T? (a + *) x/x — (2 + m) ^i^ 

<? >/x^H-y* — d^x^ — y* 4yi + («-(- c) xi 

2 s/^I^T^ 4- 4a s/a^^^ (m -f- n)yi + (6 + 2c) V^ 

Vx'— y» — (a?» + y*)* — 2» ^^^ -|- 12a ^y 



b3 



10 



SUBTRACTION. 

(18.) Place the quantities to be subtracted underneath those they are 
to be taken from^ as in arithmetic. Then conceive the signs of the 
quantities in the lower line to be changed from -f to — , and from — 
to -}-, and collect the quantities together as if it were addition. 

For if a positive quantity, as b, be to be taken from another quantity, 
as a, the difference will be represented by a — b, which is obviously 
the same as the addition of a and — b; but if 6 — c be to be subtracted 
from a, then, since b is greater than b — c by c, if 6 be subtracted, too 
much will be taken away by c ; consequently, c must be added to the 
remainder to make up the deficiency ; therefore, the true remainder is 
equal to the addition of — b and c; that is, it is equal, as in the former 
instance, to the addition of the quantity to be subtracted with its sign 
changed. 

EXAMPLES. 

1. 2. 

From 5xy + 2a» — 7a From v a? -|- y 4" Sax — 12 

Take 3xy — a:^ + 2a Take 4 v^T + y — 2ax + 6 



Remainder 2iy + 3ai — 9a Rem. — 3 n/ a? -f y + 5ax — 12—6 



3. 4. 

From 3a(a— y) +46y-f a* 6T*-f (of 4-y)i-^10c 

Take 2a (a — y)-— Uy -f- 4a» 8x« — ^'x + y -f 1 



SUBTRACTION. 1 I 

5. 
From 6abx +12 — Sxy -f- ixt 
Take — 3abx-^xt — 7 +5xi/ 



6. 
From >/«« — ya — 2(a + a?)i + 3 
Take -3N/a + a: + 4(aj«--ya)4-- 1 



7. 
From 2a? (a + y)i — Saxy + 2aic 
Take — 17flwy + 1 laic — a? i/x-\- y 



Examples of quantities with literal coefficients. 

1. 
From aa^ -f* "'xi/ + «x -}" 6 
Take «d?' — pxy + yx — c 



(a — «)x' + (»i +J3)xy -f" (» — y)x + 6 4-c 

2. 
From pty + yj* — rs* -f- * 
Take ma?y ^-pqx% — ns' + a 



12 SUBTRACTION. 

3. 

From a (« — y)^ + bxy + <? (a + O* 

Take (x — y)^ — *xy + (a + c) (a + a)* 



4. 
From (a + *) (x + y) — (<? + <^) (^ — y) + »» 
Take (a — *) (a? + y) -^ (c — </)(x — y) — n 



5. 
From (a — 6)xy — (p '\- q) ^ x ■{- y — hx^ 
Take (2;?— 3y) (x + y)i — axy — (3 + A)xa 



MULTIPLICATION. 

CASE I. 

(19.) When both multiplicand and multiplier are simple quantities. 

To the product of the coefficients annex the product of the letters 
and it will be the whole product. 

Thus, if it be required to multiply Qax by 46, we have 24 for the 
product of the coefficients, and ahx for the product of the letters ; con- 
sequently, 24061* is the whole product ; that is, 6ai x 46 = 24a6jr. 

Note. It must be particularly observed that quantities with like 
signs multiplied together, furnish a positive product whether the like 
signs be both -f or both — ; and that quantities with unlike signs 
furnish a negative product. This may be expressed in short by the 
precept that like signs multiplied together produce plus, and unlike 
signs minus. The truth of this may be shown as follows : 

1. Suppose any positive quantity, 6, is to be multiplied by any 
other positive quantity, a; then 6 is to be taken as many times as there 
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are units in a, and, as the sum of any number of positive quantities 
must be positive, the sign of the product ab must be -f . 

2. Suppose now that one factor b is negative, and the other a positive, 
then, as before, the product of — 6 by a will be as many times — 6 as 
there are units in a; and, since the sum of any number of negative 
quantities must be negative, the product in this case must be — ab. 

3. If this last case be admitted, it will immediately follow that the 
product of — b and — a must be -f ab, for if this be denied, the 
product must be — ab, so that — b multiplied by -f a produces the 
same as — b multiplied by — a, which leads to the absurdity that -f a 
is the same thing as — a. 

Note. If powers of the same quantity are to be multiplied together, 
the operation is performed by simply adding the indices : thus, a^ x a* 
^ tt% for a^^=aa, and o^ := aaa, therefore a^ x o-^^o^ X aaa = aaaau, 
or a* : also, a"» x o* = <!'"+*, for a"» = a x ^ X a . . , . Xo m factors, 
and a«=:axaxat07i factors, and therefore a"» x «* = (oflfl .... to 
m factors) x (fl«« .... to n factors), or (leaving out the sign X ) = 
aaa . . . . to »i + n factors =r a'"+». From this it follows, that in the 
division of powers the indices are to be subtracted.* 

EXAMPLES.f 

1. Multiply 6 s/ai by U. 

Here 6 n/oS X 4* = 24b ^ ax. 

* This mode of proof does not apply when the quantities to be multi- 
plied have fractional indices, although the rule still holds. Thus, let the 

product of a 3 and a^ be required, then the exponents |, |, in a common 

denominator, are -j^, -^ ; hence the proposed factors are the same as a^ and 

(£a ; &at is, the 5tb power of the 10th root of a, and the 6th power of the 
same root ; we have therefore, as above, 

(a*)* X (a*)' = (a*)" = att- 
t i^lthough the product of the letters will be the same in value in 
whatever order we arrange them, yet in these examples the student, con- 
formably to the usual custom, is expected to arrange them according to 
their order in the alphabet. 
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2. Multiply Zx^y^ by 2a«. 

3a?«y«X 2aj: = 6rtj'i/«. 

3. Multiply 12x*y by — 4a. 

4. Multiply — 4a:» 3/* by — 4x'» y^. 

5. Multiply 6flay« by 3a«*a?3. 

6. Multiply Ua^h^xy^hy -~%abx^y^, 
1. Multiply ix*y3 s* by 6xV«'- 

8. Multiply — 9cry^%^ by — Jc^jp^i/*^*- 

CASE ir. " 

(20.) When the multiplicand is a compound quantity, and the mul- 
tiplier a simple quantity. 

Find the product of the multiplier and each term of the multiplicand 
separately, beginning at the left hand, connect these products by their 
proper signs, and the complete product will be exhibited. 

EXAMPLES.. 

1. Multiply ax + d by 4x'. 

ax -f* ^ 
4r» 



4ax3+4*i« 



2. Multiply 12xy — ax + 6 by Sxy, 

l2xy^-ax'\'Q 
Sxy 



36xV — Sa*'y + 18x3/ 



3. Multiply 6ab -f 3a — 2 by 6xy, 

4. Multiply 31xya ~ 4 V* + « by — 2 ^/*. 
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5. Multiply l2a^y-\- 2j^ + xyhy Sax. , 

6. Multiply ^abx -f Scy — abc by Say*. 

7. Multiply 3a^y3 — 4xy« -\.bxhy — 7«» y. 

8. Multiply — 5axy» + ii*—iay' by 8aiiy. 

9. Multiply J ^/s — Jax* - iay« by — 6a« af«. 

CASE III. 

(21.) When both multiplicarui and multiplier are compound 
quantities. 

Multiply each term in the multiplier by all the terms in the mul- 
tiplicand. 

Connect the several products by their proper signs, as in the last 
case, and their sum will be the whole product. 

EXAMPLES. 

1 . Multiply a-^bhy a + b. 

a +6 
a -\- b 



a^ -\- ab 

a* + *« 



2. Multiply a-i- bhy a — b. 

a +b 
a —b 



a^' + ab 
— ab — b'' 
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MULTIPLICATION. 



3. Multiply X + it/ — 2 by jjr + By. 

X +iy — 2 
ix +3y 



■ ■ I " ^ ■ - ■■ ■ ■ ■! II ■■ I ■ ■ ■ ■ II 

4. Find the four first terms in the product of 

flW -^ fliM— 1 X + a"*— 2 «* + a'f'^^afl + <fec. and a-\-x, 
a*n + a"»-ix + a"»-«x« -f- a^-^a:^ + <fec. 
a -\- X 



aw+i ^ 2a"«« + 2a'«-* «« + 2a'»-2x' + <fec. 



Ans. X* — y*. 



5. Multiply a^ -j- a^y -^ xy^ -|_ y* by « — y, 

6. Multiply a* + 6* by a — 6. 

Ans. a"+' + aft* — a* 6 — ft^+i. 

7. Multiply a-\-x-Yar^-\'^-\-3!*yyya, — x. 

Ans. a» + (a~l)««4-(a — l)«' + (a — 1)** — «*. 

8. Multiply X* — a^ -f x' — x + 1 by x' + a? — 1. 

Ans. x« — x* + x» — a?* + 2j?— 1. 

9. Multiply 3x« 4- (x + y )4 — 7 by 2x* + V * -f y. 

Ans. 6x* 4- (5x« — 7) n/T +~y — 14x« + x + y. 
10. Multiply ax + 6a» + cr» by 1 + I + x» + a^. 



Ans. ax-^ a 



x*+ a 



r»-f a 
ft 



x* + ft 
c 



a* + ex*. 
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DIVISION. 



CASE I. 



(22.) When both dividend and divisor are simple quantities. 

To the quotient of the coefficients annex the quotient of the Utters,* 

and it will be the whole quotient. 

Note. The rule for the signs must be observed here, as well as in 

multiplication. 



EXAMPLES. 

1. Divide \2ax by 3a. 

12flfx 

2. Divide 24x«y by 3ay. 

24x«t/ 



3^ 
3. Divide — Idr^y^s^ by — 4xs. 



=5 8r. 






4. Divide 9a« a:* by 3ax«. 

5. Divide 2Qax^y^ by — 2ay. 

be Divide — Idlr^xy^ by — bjcyK 

7. Divide 28c*s« by — 7c»»«. 

8. Divide — \Sa^b^y''t* by — aby^z. 



• The learner will readily discover the quotient of the letters by asking 
himself, what letters must J Join to those in the divisor to make those in 
the dividend f Thus in example 3, above, the dividend contains two x's, 
two 3^'s, and two z's, while the divisor contains but one x and one % ; so 
that to make up the letters in the dividend, I must join to those in the 
divisor one Xy two y% and one z, that is, the quotient of the letters will 
bexy*s. 
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CASE II. 

(23.) When the dividend is a compound quantity^ and the divisor a 
simple quantity. 

Find the quotient of the divisor and each term of the dividend 
separately, connect these quotients together by their proper signs, and 
the whole quotient will be exhibited. 

EXAMPLES. 

1. Divide I2a^x + 4as^ — 16a by 4a. 

12a*x 4- 4ar^ — 16a „ . , , 
4a 

2. Divide a*+* x — a"+^x — a"+^ x — a"+*x by a*. 

a*+^x — a^+^x — a^+^x — a«+*x 

' ^ax — a' X — a^ X — a* x. 

a* 

3. Divide 24a« x* + 6a« x^ — 3a* x« + 12ax by — Sax. 

4. Divide ax* -|- ax«+* rf- ax"+* + ax"+' -|- <fec. by a». 

5. Divide 6 (x + i/)3- 8(x 4-y)* + 4a«(x+y) by2(a?rf-y). 

6. Divide ax"*—* -|- &a?w+» — ex"*—® + rfx* by a:**—*. 

CASE III. 

(24.) TFAcn both dividend and divisor are compound quantities. 

Arrange both dividend and divisor according to the powers of some 
letter common to both; that is, let the^rs^ term, in both dividend and 
divisor, be that which contains the highest power of the same letter, 
the second the next highest, and so on. 

Find how often the first term in the divisor is contained in that of 
the dividend, and it will give the first term in the quotient, by which 
all the terms in the divisor must be multiplied, and the product sub- 
tracted from the dividend. 

To the reminder annex as many of the other terms of the dividend 
as are found requisite, and proceed to find the next term in the quotient, 
as in common arithmetic. 
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EXAMPLES. 



1. Divide x« — x* + i3--x« + 2« — l byx^ + x— 1. 

x«-f a-— l)*^— x*+i^--x« + 2x — 1 (x*--«8 + aF« — «4-l 
a?* -|- x® — X* 



a* — a?* 4" *■' 



^4 — «9 + 2x 
,4 ^ a 3 __ ji,a 



x3 4-2x— 1 
x* — x' + Jt 



x' + X 1 

jc9 + aP_l 



2. Divide a» — a* by a — x. 
a — r ) a» — x» (a»-^ + a*-»x + a^-S-r* + ««»- V + &c. 



a* — a"— *x 









a** — 'x^ — x** 

a»-8^3 _ an-4jp4 



a*-*x — ^^ &C. 
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DIVISION. 



3. Divide 1 + ao? + i^ + cx3+ </** + «fec. by 1 —a?. 



1 — x) 1 + ax H- 6:r« + cx« + rfx* ( 1 + 1 U + I 



1— X 



a' 



I 


x + ^a* 






a 


1 X — 


lr» 


a 


• al 


9 


1 ' 


a 




b 




1 


a«— 1 


a?» 


a 


— a 






& 


— i 




4 


1 


A''-|- rfx 


a 




b 




c 




1 


jS — 1 a; 


a 


— a 




b 


— b 








e' 


— c 



a 
b 



A'«+ 1 

a 

b 
e 



x» + <fec. 



<&c. <fec. 



Ans. a* — a^x + a' j?' — aa?* + x*. 



4. Divide a* -|- a* by a + a:. 

5. Divide a* — a?* by a — a, 

Ans. a* + a'x -f a'x* -fax* -|- **• 

6. Divide *» + i-r« + Jx + l by ix + i. 

Ans. 2j?^—ix-|-2. 

7. Divide 1 by 1 — a?. 

Ans. 1 + I + a?' -I- d?» -f X* + X* + Ac. 

8. Divide 4f* — y^byj^'+j?*!/-!- *'y' + y^' 

Ans. * — t/. 
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9. Dividey"+»+y^— y»j? — iP-t+ibyy^-f-j^^. 






Ana. y — jr. 


10. Divide o — 6a 4- cx« — (/iP»H-&c. by 1 + x. 


Ans. a — a x-\' a 


a«— <kc. 


— b 


+ b 
+ c 





SCHOLIUM. 

From the preceding rules are deduced the following useful 
theorems, viz. 

1 . By the rule for addition, if the sum of any two quantities, a and 
b, be added to their difference, the sum will be twice the greater.* 

2. By the rule for subtraction, if the difference of any two quantities 
be taken from their sum, the remainder will be twice the less.f 

3. By multiplication. Article 21, Example 2, page 15, if the sum of 
any two quantities be multiplied by their difference, the product will 
be the difference of their squares. 



ALGEBRAIC FRACTIONS. 

The operations performed on Algebraic Fractions are similar to 
those performed on numeral fractions in Arithmetic, and which are as 
follow : 

To reduce a ^lixed Quantity to an Improper Fraction. 

(25.) Multiply the quantity to which the fraction is annexed, by the 
denominator of the fraction; connect the product, by the proper sign, 



^ a + b r a -\-b 

• For *"l^!8^ ^ " — ^ f and ^ diminished by a — b 

gives 2a gives 2b 
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to the numerator; place the denominator underneath, and we have the 

improper fraction required. 

c 
Thus, if it were required to reduce ab — - to an improper fraction, 

then ah, the quantity to which the fraction is annexed, multiplied hj 
d, the denominator, gives abd ; which annexed to the numerator, c, by 
the proper sign — , gives abd — c ; therefore the improper fraction is 
abd — c 



EXAMPLES. 

1 . Reduce (a -{- b) -\ to an improper fraction. 

a — b 

2. Reduce Saa to an improper fraction. 

a —b Saxy — (a — 6 
3flM? ^ — . 

Here the expression — (a — 6) signifies that a — 6 is to be subtracted 
from that which precedes, and therefore the signs of a and b must be 
changed, (Art. 18, page 10:) consequently, 

Saofy —(a — b) Saanf — a -f- b 

the same must be observed in the following, and in every similar 
example. 

3^ — * + 4 ^ ... 

3. Reduce 4,r rrp^ — to an improper fraction. 

3^-5 + 4 37* 4- 6 - 4 
JO 10 

4j? — fly -4-2 

4. Reduce 2av A tt-^—- — to an improper fraction. 

^ 2ay 

\axy^ -f- 4a? — ay + 2 

Ans. ^ . 

2«y 
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ti^ ^~- itx 

5. Reduce a—x to an improper fraction. 

Of 

2aj?— j?» — a' 
Ans. . 

6. Reduce ax —y ~ to an improper fraction. 



2aa?— y+2 

Ans. ^— — . 

5 



a« — 6« ^ 3 

7. Reduce a-\-b r — to an improper fraction. 

a — 



. 3 

Ans. 



a — A 



8. Reduce x* — ^ y -\- ^2f^ — ^® + 2/* ; — to an improper 

fraction. 

Ans. — -^? 

lb reduce an Improper Fraction to a Whole, or Mixed Quantity, 

(26.) Divide tlie numerator by the denominator, and, if there be a 
remainder, place it under the denominator; connect this fraction, by its 
proper sign, to the quotient, and we shall have the mixed quantity 
required. 

Thus, if it were proposed to reduce — to a mixed quantity, 

d 

we have only to perform the actual division of the numerator by the 

denominator, and we get for the quotient ab, and for the remainder — c ; 

therefore ad — - is the improper fraction required. 

d 



EXAMPLES. 

4a?' + ax — 2 
J . Reduce to a mixed quantity. 

4x' + aj? — 2 ^ , ax — 2 
2x ^ 2* 
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2. Reduce to a mixed quantity. Ans. 2 . 

xy xy 

3. Reduce -, to a mixed quantity. Ans. a? — v + . 

x-\-y ^ x+y 

3 (a« + i«) — 3 

4. Reduce —j- to a mixed quantity. 

Ans. 3a* - Za% -f 3a«** — 3a63 + 36* - ^ 



a + 6 



. r. J 4ad?y' + 4x — ai/ + 2 

5, Reduce — ^"^^^i ^-^— ^ a mixed quantity. 

4x — ay + 2 
Ans. 2ay H ^ ^ 



2xy 



^3 _ y3 ^. ^a _ 2y'» 
6. Reduce ^ to a mixed quantity. 



Ans. J?*H-«y-|-y' + a' + i/ — 



a? — y 



To find the greatest Common Measure of the Terms of a Fraction. 

(27.) Arrange the numerator and denominator according to the 
powers of some letter, as in division, making that the dividend which 
divisor contains the highest power, and the other the divisor. 

Perform the division, and consider the remainder as a new divisor, 
and the last divisor a new dividend ; then consider the remainder that 
arises from this division as anotlier new divisor, and the last divisor 
the corresponding dividend. Continue this process till the remainder 
is 0, and the last divisor will be the greatest common measure sought. 

Note. If any quantity be common to all the terms of either of the 
divisors, but not common to those of the corresponding dividend, this 
quantity may be expunged from the divisor. 

The truth of the above process depends chiefly upon the two follow- 
ing properties : 

1 . If a quantity divide another, it will also divide any multiple of 
it : If, for instance, c divide 6, and the quotient be n, it will also divide 
rby and the quotient will be rw. 

2. If a quantity divide each of two others, it will also divide 
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their sum and difference : For, let c divide a, and call the quotient m ; 
let it also divide b, and call the quotient n, then a = mc, and b:=znc; 
therefore a ± 6* = wic ± nc ; now c evidently measures mc ± nc, 
consequently it measures its equal, a ± 6. 

a 
(28.) Let now -- represent any fraction, and let the work in the 



margin be carried on according to the rule (Art. 27), 

c being put for the^rs^ remainder,, d for the second, ^ ff*" 

&c. Then a — br =^ c, and, if c divide 6, c will be 

the last divisor, and the work will be finished, d c)6(« 

being then = : Hence, in this case, since c divides f^ 

by it also divides br; and since it divides a — br d)c(t 

(this being equal to c), it must also divide a; c ^^ 

therefore divides both a and b. It is moreover evi- T 

dent that c must be the greatest common divisor of a — 

and br'y for, if these quantities had a divisor greater 
than c, then their difference a — brzi^c, would be divisible by it, as 
has been proved above; that is, c would be divisible by a quantity 
greater than itself, which is absurd ; c, therefore, is the greatest com- 
mon divisor of a and br, and, consequently, of a and b. Suppose, 
however, that the work does not end here, and that the last divisor is d, 
then b — cs = rf; and since d divides c, it also divides cs, and conse- 
quently b ; d therefore divides both b and c, and must consequently 
divide 6r -+- c, or a ; and, since d is the greatest divisor of 6 — cs, it 
must necessarily be the greatest common divisor of b and cs, and 
therefore of b and c ; whence d is the greatest common divisor of a, b, 
and c, and consequently of a and b, since whatever divides a and b 
must also divide a — br, or its equal c. The reasoning will be similar, 
whatever be the length of the operation .t 

* The doable sign ± signifies plus or minus, 

t The method of finding the greatest common measure of any two 
quantities may be easily extended to the finding the greatest common 
measure of three or more quantities. For let a, h, c, represent any three 
quantities, and let up be the greatest common measure of a and b, and y 
the greatest common measure of c and ^ ; then, since whatever measures ^, 
measures also a and b ; whatever measures c and x, measures also a, b, c, 

c 
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With refereuce to the note, it may be observed, that, by expunging 
any quantity common to all the terms of a divisor, we do not destroy 
any common measure of that divisor and its corresponding dividend? 
since no part of the quantity expunged is supposed to exist in all the 
terms of the dividend. 

EXAMPLES. 

] . Find the greatest common measure of the terms of the fraction, 

a* — X* 
a* -j- a^je — aa^ — a^ 

Arranging the terms according to the powers of a, 

a^ + a'j? — flw?* — a?') a* — a?* (a — a? 

a* — a®d? — a'a?" — aa^ 



— a^x + a'o?' -f- aa^ — a?* 

— a^x — a^x^ + a,r* + x* 



2aV — 2i* 
2er»ar» — 2a?* 

or expunging 2a?« J «' + «'* - aa?' - a^ (a + x 



a*j? —a?' 



Whence it appears that a^ — x* is the greatest common measure of the 

therefore the greatest common measure of c and x is also the greatest 
common measure of a, b, and c ; .*. y is the greatest common measure. 
If, again, z be the greatest common measure of y and d, then will z be also 
the greatest common measure of a, b, c, and d, <&c« The chief use of the 
greatest common measure of the terms of a fraction, is to reduce the 
fraction to its simplest form. In many fractions this common measure 
is discernible at sight, these therefore may be simplified without the aid of 
the above rule. 
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terms of the proposed fraction, and, consequently, by dividing both nume- 
rator and denominator by this common measure, the fraction is reduced to 

a' + ip* 



its lowest terms, and becomes 



a +d? 



2, It is required to reduce r-r to its lowest terms. 

a*— (Ttr 

Arranging the terms according to the powers of a ; 






a^a^ — X* 



o?ay^ — x* 



The greatest common measure being a* — a^, the fraction in its lowest 
terms is — 



3^* 



3. Reduce the fraction — r-r r to its most simple form.* 

2j?« + 3flu?-f a« 

. ax — a^ 

Ans. . 

x-^a 

Qcmfi + fld?* — 12ffx 

4. Reduce the fraction -^ to its lowest terms. 

Qax — 8a 

2^ + 3j: 

Ans. — . 

2 

iT* — y* 

5. Reduce the fraction ^ to its most simple form. 

^3— x'y 4" ay* — y^t 



Ans. 



ar» — xy 4- y-' 



* In finding the common measure, either numerator or denominator 
may be,taken as the first divisor, whichever is found most convenient. 

t This fraction appears less simple than the original one, but it is in 
reality more so, the numerator and denominator of the former being, 
respectively, x -{-y times that of the latter. 

c 2 
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3x* — 24x — 9 

6. Reduce the fraction --r to its lowest terms. Ans. 2. 

2ar — l6a!—6 

(29) From having the greatest common measure of two quantities, 
their least common multiple may be obtained, this being equal to the 
product of the two quantities divided by their greatest common mea- 
sure : For, let x be the greatest common measure of a and 6, and put 

— = /?; and — ^9> then p and q cannot have a common measure; 
a: X 

now, since a = px^ and b = qx, and since pq is the least common 
multiple of p and ^, and therefore pqx the least of px and qx ; pqx (or 

its equal — ), must be the least common multiple of their equals, a 

X 

and 6. The least common multiple of three quantities is had by first 
finding that of two, and then the least common multiple of it and the 
other quantity, &c. 



To Reduce Fractions to a Common Denominator, 

(30.) Multiply each numerator, separately, into all the denominators, 
except its own, and the products will be the new numerators. 

Multiply all the denominators together, and the product will be the 
common denominator. 

That this process alters the form merely, and not the value of the 
several firactions, will appear firom observing that the numerator and 
denominator of each firaction are both multiplied by the same quantity, 
viz. by the product of the denominators of the other fractions. 

Note. If one of the given denominators should happen to be equal 
to the product of all the others, (as in Example 1, following,) then this 
denominator will obviously be the same as the common denominator, 
found by the above rule, for the other fractions ; so that it will be suf- 
ficient to operate upon these only in order to reduce the whole to a 
common denominator. (See the second solution to the first Example.) 
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EXAMPLES. 



a ax a 

1. Redacetbe fractions — , — , and -to a common denominator. 

xjf y X 

axy '\ 

a*p X Jpy X * ^ flMf'i^ /the new numerators. 

a X d?y xy = aay''' 

^ X y X Jp ^ ^vV ^ the common denominator ; 

axv tufiy axy* 

.-. the three fractions are -r-*^, — r-^ , and — r^. 

Since, however, in each of these fractions ay in common to both nu- 
merator and denominator, this quantity may be expunged, and the fractions 
vritten in the following more simple form : 

a aa^ ay 
d?y jny gay 

Bat, by attending to the Note (p. 28) we arrive at once at these simplified 
forms. Thus, taking the second and third fractions only, as the product 
of their denominators gives the denominator of the first, the process will be 



Xy = ay 5 



ax , , 

the new numerators, 
a 



xy the common denominator ; 
bence the three fractions are 

a aa^ ay 
xy xy'xy 

4 2a 
2. Reduce the fractions — , — , and f , to a common denominator. 

ax X 

lex Ha^x ^ Sax* 

'^"'* i^ W' *^"^ w- 

^ . , 16 8/i« , Sax 

Or more simply, - — » - — , and 

4ax 4ax 4ax 
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2«2? + 1 iT + a 

3. Reduce ■ — and — - — to a common denominator. 

a 3 

6a? + 3 J aar + o^ 

Ans. — ~— ^ and — . 

3a 3a 

2^ — a 

4. Reduce — , a, and 4, to fractions having a common denominator.* 

2a 

2x«— a 2a» ^ 8a 
Ans. — - — , -— , and -—. 
2a '2a 2a 

3af« — 2 2^*^ — x4-4 

5. Reduce , and : — ■ — to a common denominator. 

4a a -j-a? 

3aa?« -\-Sjfi — 2x — 2a ^ Sax^ — 4aa7 + 16a 

Ans. — -■ and . 

4a* + 4aa? 4a' -^ 4aa? 

a b c 

6. Reduce — : — t 1 -r =, to a common denominator.! 

ar + y Jy — y sr^y* 

Ans. lliZUa, *ii±4), ^ 



ar* — y* ac* — y * x* — y* 

a — * a "4- « a — x 1 
T. Reduce > — 7-_ rr > — : — > , to a common de- 
ay X (a* — ar) a -f- a? a — a? 

nominator. 

(a-|-a:)(a — x)* o-j-ae a: (a — «) xCa'-j-o:) 



Ans. 



X (a' — «*) X (a* — X*) X (a* — x*) x (a' — x*) 



* Whole quantities may be put under a fractional form by making their 
denominators nnity : thus, 

a 4 

a = Y &Q<1 ^ ^^ T* ^^* 

t See Note, page 28. The student will have frequent occasion for the 
property mentioned at page 21, viz. that the sum multiplied hy the dif" 
ferenoe 6f two quantities gives the difference of their squares. 
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ADDITION OF FRACTIONS. 

(31.) Reduce the fractions to a common denominator. Add the 
numerators together, and under the sum place the common deno- 
minator. 

EXAMPLES. 

2b 1 

1. Add together •, and -. 

ar -f" or SB 

. . .« 4--^-; — rr-H — s — ^:r-= -:^,Tz — • the sum required. 

2. Add together ^^ and — — ^. Ans. o~— f- 

or — y .T + y dr» — y* 

3. Add together • — , — -! — , and • — . 

a b c 

be (3a? + 2) + ac (4* + 3) + ab{5x -f- 4) 



Ans* 

2a 3fl' 2b 

4. Add together —, — -—, — , and \. 

d 



abc 



4a« + a^b + 46« -f a6 

Ans. -— r , 

2ab 



1 



5. Required the sum of -r ;,» — ; — , and . (See Note, 

^ X* ^ y^T~y -"^ — 3/ 

page 28.) 

Ans. 2^ + ^y~y;+y. 

6. Express r — ^ h l. ~ ^^^ in a single fraction. 

^°^* (3/«i,»-x)« • 
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SUBTRACTION OF FRACTIONS. 

(32.) Reduce the fractions to a common denominator, which place 
under the difference of the numerators. 



EXAMPLES. 



1. Subtract from 



a 6 

6ax 12x 6a«x 60jr (6a»— 60)j? 



a 6a 5a 6a 



the difference required. 



2. Subtract — - — from — -. Ans. — - — 

3. Subtract ^-from — — . Ans. r ,-J — . 

X — 1 a?-|-l ar — 1 

4. Subtract — : — from . Ans. 



x-^y X — y a/* — y* 

1 1 * + y — 1 

5. Subtract -r from Ans. 



2 



x» — yi X — y «• — y 

^ _ , ^ 2x«— 13X + 1. 5x-3 . 3j:-f2 

6. Subtract — ^ — from -—r • Ans. - 

«' — 1 ar + l * — 1 



MULTIPLICATION OF FRACTIONS. 

(33.) Multiply the numerators together, and it will give the nume- 
rator of the product. 

Multiply the denominators together, and it will give the denominator 
of the product. 
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EXAMPLES. 



1. Multiply i^ by 5f!. 
3 6 



X — = the product required. 

3 5 15 



2. Multiply ?i±i? by??. 

a X 

Ana, ^ =: the product in its lowest terms. 

X 

3. Multiply — - — by . Ans. . 

a + a? a — a? a' — ^ 

4. Multiply — ■ — , . and ^ ■, together. 

ax a "J" j» 

a* — 2aV 4- J* 



Ans. 



o^x + aa^ 



x' — t/* X 1 

5. Multiply ^ > — ; — and together. Ans. 1 

X * -r y * — y 

a TLT w 1 3(o» — x«)+a-x^ -i 

6. Multiply — i -i— ! by 



3 (o — Of) 

Ans. ^^-'+/>^^ 



DIVISION OF FRACTIONS. 

(34.) Divide by the numerator of the divisor, and multiply by the 
denominator; Or, which is the same thing, invert the divisor, and 
proceed as in multiplication. 

Thus, if — is to be divided by — ; then, dividing — by ^x, gives 



X . . 2x 

— . But 2x is 7 times — -; therefore, as the divisor was 7 times too 

4x 7 ' ' 
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great, the quotient must be 7 times too little ; consequently^ 



X tx "X 

407 4d7 4 



is the true quotient. 



EXAMPLES. 



1. Divide ■ — by — ■ — . 

4a? + 6 2x 8^«+J2^ ^^ ,. ^ 

2. DMde 21±i by *iL=:^«. An«. ?^^. 

a abx — ar 



^ -^. . . 6 (a + x) + 2 ^ 4 

3. Dmde — i — hr^ — *^y 



3 (a — a?) 



A„s. 3 («'-»') + («-») 



2ax — 1 X — a 
4. Divide a •\- — =- — by 



ax+ 1 



(x — a) 



5. Divide 12 by ^ — i-^ a. Ans. - 



X 



a* -j- ax -f- X*' 



6. Divide r — - — ^ — by -^-r—„' Ans. 

a* X + ax« -^ a« + a« «x 



INVOLUTION. 

(35.) Involution is the raising of quantities to any proposed power. 

If the quantity to be involved be a single letter, the involution is re- 
presented by placing the number of the power a little above it, as was 
observed in the definitions at the beginning. 
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The power of a simple qoantity, consisting of more than one letter, is 
also similarly represented : Thus, the square or second power of a6c is 

(obey, or abc , or a'ftV, the third power is (fl^c)', 8cc. 

(36.) If the simple quantity be some power already, or if it be com- 
posed of factors that are powers, then the index, or indices, must be 
multiplied by the index of the power to which the quantity is to be 
raised ; Thus, the second power of a' is o% because a^ X a^^=€fi; also, 

the nth power of o' is a**, because a' X a' X «' X a' to » 

Actors is a^" ; the nth power of a"» is a"»», because, in like manner, 

fl* X a*" X «^ to n factors is a"*", whetlier m be whole or 

fractionaL In the same manner the nth power of a^b^c is a*»fc*»c«, 8cc. 

If the quantity have a coefficient, that coefficient must be raised to 
the proposed power, and prefixed to the power of the letters. 

Note. If the quantity to be involved be negative, the signs of the 
even powers must evidently be positive, and those of the odd powers 
negative. 

EXAMPLES. 

The square of 2ax is 4a'x^. 

The fourth power of 6a^x is 1296a^^«. 

The third power of — a*6^c is — ahc^.* 
The fourth power of jfiy — ' is ac*]/— '. 

The sixth power of 2—- is 64-— . 
"^ b b^ 

The nth power of Sa^a^ is S^a^j?*". 

* The quantity ai signifies the third power of a^. The denominator 
of evwy such fractional exponent always expresses, agreeably to the nota- 
tion explained in the definitions, the root, and the numerator the power of 

that root. If, for instance, a represented 4, then a^ would represent its 

second or square root, viz. 2 and ai would express the cube or third 
power of this root, and would therefore signify 8. 



The fiftli power of a-/^ la a* ti/. 

A 
The fifth Dover of — Is 
9' 

The seventh power of — a-'ir-* is 

Tbe fourth power of -r-;^ is 

The nth power of a<*i" is 

(37.) When the quantity is compouad, the involution is perfoni 
by actual muUiplicaiion. 



What li the foorlh power of a + 4 ? 
a + b 



ai + f 
The square a* + 2o6 + ft* 



a' + Sfl'4 + ab' 

a-fc + 20*' + f 

Thecnbaa' + 3<« + 3(<*'+ *» 






' + i' 


Tba fourth power a« j||||||^V* + 4at'> + A' 
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What is the square of a -f ^ -^ c ? 
a -\- b -\-c 



a* -{- ab -\- ac 

ab -\- b^ -\- be 

ac -\- be -{-(^ 

a« -f 2a6 -f 2ac + 6« + 26c + c« = a« -|- 2ab + A« + 2c (o -f 6) + c« 
= (a -f 6)« -f 2c(a + 6) -I- c*. 

In the involution of a -{- 6 we observed that its square was equal to 
the square of a, -|- the square of b, + twice the product of a, 6; and, 
in the square of a + 6 + c, by considering a + 6 as one term, we have 
the same property, viz. it is equal to the square of (a + 6), + the square 
of c, + twice the product of (a + 6), c, as we have just seen; and it 
might also be shown, in a similar way, that the square of a quantity of 
four terms has the same property, by separating the three first terms, 
and considering them as a single term ; and so on of any' polynomial 
whatever. 

Required the cube of (a — x). 

Ans. a' — 3a' x + Sax^ — x'. 
Required the square of 4ax -|- x -|- 1 • 

Ans. 16a**« + Sax^ + Sox + x* + 2x -j- 1 . 

Required the 4th power of (a — x). 

Ans. a* — 4a3 x3 4- 6a*x» — 4ax3 -f- x*. 

Required the 4th power of v x* + y'» 

Ans. x* + 2x2y2 + y*. 

Required the 6th power of V a -j- or. 

Ans. a« -I- 3a« X -f 3tfx« -f x«. 

Required the 5th power of Vj? — y, 

Ans. (x — y)s/x — t/. 
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EVOLUTION. 

(38.) Evolution is the extracting of roots. 

The evolution of simple quantities is represented by indices, similarly 
to involution, and if the simple quantity have already an index, or if 
it be composed of Actors having indices, the operation of evolution is 
performed by dividing the index or indices, being the reverse of the 
operation of involution : thus, the nth root of a*»» is a*», the nth root of 

r r s 

a»" is a » , the nth of a' 6' is o » 6 " , &c. Hence the roots of quantities 
are properly expressed by means oijractional indices; for the cube 

root of c? is as, and the cube root of a or a^ is a^ ; also the fourth root 

oial^ is a* 6*, &c. 

It likewise appears that, since the division of the powers of the same 
quantity is performed by subtracting their indices, when the divisor is 
greater than the dividend, the quotient must be a quantity with a 
negative index: thus, 

—- = a*— 3 = a— ^ ; —r = a*—* =z a—*, <fec. 

a* - a* 

also, — = «♦»— " = a9, but — ^1, 

whence results this singular property, that a^ is always = 1, whatever 
be the value of a. It also follows that 

— or — ^ «*~* ^ a—* ; -T- = — = a-^, &c. 
a a a^ a* 

^ — -L— -n 
Hence, generally, both powers and roots, as also the reciprocals* of 



* The reciprocal of any qtumtity is unity divided by that quantity: 
thus, — is the reciprocal of a', — — — is the reciprocal of a -j- *> ^^* 

CL Or "^ X 
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both powers and roots are correctly represented by means of exponents 
or indices. 

Note. Since the even powers of all quantities, whether positive or 
negative, are alike positive, (Art. 36, Note,) it follows that the even 
roots of all positive quantities may be either positive or negative ; but 
the odd roots of a negative quantity must be negative, and, of a positive 
quantity, positive. 



EXAMPLES. 



The cube root of o* «^ is a* x^. 

The 5th root of -r— - is -r— -r, or ari b—i • 

« *' aUi 

(X^ X^ QtXr* 3 3 5 

The square root of ,, ^ „ is — :, or axa A— ac— '</-$ • 

The cube root of — Sa-^i* a:-* is — 2a-* ft«i-3 or 



ax 



J 

, lQa*b 2a^6^ i i is 

The 4th root of .- - ,, is — ---, or 2aHi . 3-» c-* rf-* 

®^^^' 3cirf* 

4 
The square root of — r — is 

a* 63 
The 4th root of ar-^lr-^c is 

The cube root of — 2^a^ bi «-3 is 

, ab^^c^ 
The 5th root of — - — is 

The cube root of ^ is 
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To Extract the Square Root of a Compound Quantity, 

(39.) Arrange the terms according to the dimensions of some letter, 
and extract the root of the first term, which must always be a square, 
place this root in the quotient, subtract its square from the first term, 
and there will be no remainder. 

Bring down the two next terms for a dividend, and put twice the 
root just found in the divisor's place, and see how often this is contained 
in the first term of the dividend, and connect the quotient both to the 
last found root and to the divisor, which will now be completed. 
Multiply the complete divisor by the term last placed in the "quotient, 
subtract the product firom the dividend, and to the remainder connect 
the two next terms in the compound quantity, and proceed as before; 
and so on till all the terms are brought down. 

The reason of the above method of proceeding will appear obvious 
from considering that, as the square of a + 6 is a' + 2ah + 6* (Art. 37), 
the square root of a' + 2ab + 6* must 

be a + 6. Now a is the root of the «» + 2a* + *«(« + A 

first term, whose square being sub- a* 

tracted, leaves 2ah -+- 6*, the first term ^ 

of which divided by 2a gives 6, the ^"^ + *^ ^"^* + ^ 

other part of the root, which, connected ^^* "*" * 

to 2a, completes the divisor 2a + 6, ~^ 7 

and this multiplied by 6, the term last 

found, gives 2ab + 6*, which finishes 

the operation; and these several steps agree with the rule. 

If the root consist of three terms, a + 6 + c, its square will be 
(a -^ 6)« + 2c (a + 6) + c' (Art. 37), and we may return firom this 
square to its root in a similar manner, viz. by finding first a, and then 6, 
as above, and then deriving c from (a + h) in the same way that h was 
derived firom a ; which is also according to the rule, and the same 
might be shown when the root consists of four, or a greater number of 
terms. 
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a» + 2a* + 4» + 2c(o -h &) + c« (a + * + c 



2a+b 



2ab + 6« 
2ab -h 6* 



2(a + *)-^c 



2c(a + 6) -f c« 
2c(a-f 6) + c* 



1. 



EXAMPLES. 

9x*— .12x3 + 16a« — 8x + 4 (3x» — 2j + 2 
Or* 



6x* — 2x 



— 12x« + 16x» 

— 12x«+ 4x2 



6x3 — 4x-f-2 



12x« — 8x + 4 
12j» — «ix-f 4 
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2. 4x«-|-12a:«-f.5**— 2i8-f-7x« — 2i+l (2r» -f 3x* — * + 1 

4a« 



4x3+3*2 



12x« + 5x* 
12x« + 9x* 



4x3 + 6x2-x| — 4x* — 2x3 -f 7x« 
— 4x* — 6x3 + gfl 



4x3 + 6x« — 2x + 1 



4x3 + 6x«-— 2x + l 
4x3 + 6x*— ■2x + l 



3. Extract the square root of 4x* — 16x3 -\- 24x2 — 1 6x -j- 4. 

Ans. 2^ — 4x+2. 

4. Extract the square root of 16x* + 24x3 + %^^ ^ ^Qx -f 100. 

Ans. 4a?2 -I- 3x + 10. 

5. Extract the square root of 1 -{- x. 

, . "iP ^ , x3 6*P* 

Ans. IH — — • <fec. 

^"■^ ^2 8 ^ 16 128 ' 

6. Extract the square root of Ox<* — 12x3 + lOx* — 28x3 + 17^ 
— 8x + 16. 

Ans. 3j73._2x3-f-x — 4. 

(40.) From the above method of extracting the square root of alge- 
braical quantities, is derived that for the extraction of the square root 
of numbers, usually given in books on arithmetic. In order to extract 
the square root of a number, it is necessary, first, to ascertain how 
many figures the root sought will consist of; which may be done by 
placing a dot over every alternate figure, commencing with the units, 
the number of these dots will be the number of figures in the root ; 
for since the square root of 100 is 10, the square root of every whole 
number less than 100 must consist of but one figure; and since the 
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56644 (238 
4 



square root of 1000 is 1000, it follows that the square root of every 
number between 100 and 10000 must consist of but two figures; 
likewise, since the square root of 1000000 is 1000, the square root 
of every number between 10000 and 1000000 must consist of but 
three figures, &c.; and in each of these cases the number of dots will 
be 1, 2, 3, &c. &c. respectively. 

Let it be required to find the square root of 56644. 

Here the points indicate that the root consists 
of three figures, and the greatest square con- 
tained in 5 is 4, therefore the first figure of the 
root is 2, whose square taken from 5 leaves 
1, to which the two next figures 66 being 
connected, gives 166 for the first dividend. 
Put 4, the double of the root figure, in the 
divisor's place, and it is contained in 16, 4 
times; but, upon trial, 4 is found rather too 
greaty the next figure of the root is therefore 3, 
which number being placed in the divisor com- 
pletes it; and the product of this divisor and 
last root figiue taken from the dividend, leaves 
37, to which the remaining two figures are con- 
nected, and the same operation repeated. To exhibit, however, more 
clearly the similarity between this and Uie algebraical process, let the 
figures of the number 56644 be represented according to their values 
in the arithmetical scale; thus, the value of the first figure 5 is 50000, 
that of the second 6000, of the third 600, of the fourth 40, and of the 
last 4. Now, as it is necessary that the first term should be a square, 
and as in this case it is not, it will be proper to substitute for 50000, 
40000 H- 10000, 40000 being the greatest square contained in it; the 
operation will then be as follows : 



43 


166 




120 


468 


3744 




3774 
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40000 + 10000 + 6644 (200 -f 30 -f S 
40000 or 
238 



400-1-30 

or 

430 



10000 + 6000 

or 

16000 

12900 



400 + 60-1-8 
or 
468 



3100 4-600 + 40 + 4 
or 
3744 
3744 



To Kvtract the Cube Root of a Compound Quantity. 

(41.) Arrange the terms according to the dimensions of some letter, 
and extract the root of the first term, which must be a cube, place this 
root in the quotient, subtract its cube from the first term, and there will 
be no remainder. 

Bring down the three next terms for a dividend, and put three times 
the square of the root just found in the divisor*s place, and see how 
often it is contained in the first term of the dividend, and the quotient 
is the next term of the root. Add three times the product of the two 
terms of the root, plus the square of the last term, to the term already in 
the divisor's place, and the divisor will be completed. 

Multiply the complete divisor by the last term of the root, subtract 
the product from the dividend, and to the remainder connect the three 
next terms, and proceed as before. 

For (by Art. 37,) the cube of a + 6 is 
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and, from having the cube given, its root is found by the following 
process, being the same as that directed above, and which, after what 
has been said of the square root, does not seem to need any further ex- 
planation. 

a3 -I- 3a»6 + 3a^ -{- b^ (a + b 



a' 



3a^ + 3ab + b^ 



Sa^b + Sab^ + b^ 
Sa^b+3ab^-\-b^ 



If the root consist of three terms, o, 6, c, they may be obtained by 
first finding a and b, as above, and then deriving c from (a + b) in the 
same manner that was derived firom a. 



EXAMPLES. 



1 . Extract the cube root of x® — 6x* -f 1 5x* — 20*3 + 15x* — - 6x -f 1 . 
a6 — 6x* -f- I5x* — 20^ + 15x« — 6*- + 1 (xa — 2x -f- 1 



3^4 __ 6x' + 4x* 



— 6x»+15x* — 20x3 

— 6x« + 12x*— 8x3 



^j-A __ 12x3 -f 15x'—6x + J 



3x* — 12x3 + 15x2 — 6x 4- i 
3x* — 12j3 + 15r» — 6x + 1 
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2. Extract the cube root of «« + 6x* — 40x® + 9Qa — 64. 

««4-6a7« — 40x»4-96a: — 64 (a;*H-2d? — 4 



.r« 



3x* + 6^3 + 4i^ 



6x«— 40x» 

6x« 4- 12x* + 8^ 



3x*-f 12x3 — 241 + 16 



— . 12x* — 48r» + 96x — 64 
— 12x* — 48x3 ^ 96a. — 64* 



3. Extract the cube root of Sx* + 36x* + 54x + 27. 

Ans. 2f + 3. 

4. Extract the cube root of 276« — 54a?« + 63a?* — 44x3 + 21x* 

— 6x + l. 

Ans. 3x' — 2x + l. 

5. Extract the cube root of a» + 3a*6 + 3a6* +^ + 3a«c + 6aJc 

+ 36*c + 3ac» + 3ftc« + c^. 

Ans. a + 6 + c. 

From the foregoing method of extracting the cube root algebraically 
may be derived the numerical process for the cube root given in books 
of arithmetic. But this tedious operation is now entirely superseded 
by the easy and concise method which we have given in our chapter 
on Cubic Equations, contained in the Treatise on the Theory of 
Equations, which forms a supplement to the present volume. 



* In this example only two terms are brought down each time, instead 
of three, because in the proposed expression there are two terms absent, 
viz. those containing x* and x^ If we write the expression thus, 

x« -f 6x« ± Ox* — . 40x3 ± Ox« + 96x — 64, 

then three terms will, in effect, have been brought down, as in the pre- 
ceding example, since Ox* and Ox^ are each = 0, 



47 



CBAVTBlt ZZ« 



ON SIMPLE EQUATIONS. 



(42.) An Equation is an algebraical expression of equality between 
two quantities. 

Thus, 4 + 8 = 12 is an equation, since it expresses the equality 
between 4 + 8 and 12 ; also, if there be an equality between o — 6 + c 
and f-\-g — A, then a — 6 + c =/ + g — h expresses that equality, 
and is therefore an equation. 

(43.) A Simple Equation, or an equation of the first degree, is that 
which contains the unknown quantity simply ; that is, without any of 
its powers except the first. 

(44.) A Quadratic Equation, or an equation of the second degree, 
is that which contains the square, but no higher power, of the unknown 
quantity. 

(45.) An equation of the third, fourth, &c. degree, is one in which 
the highest power of the unknown quantity is the third, fourth, &c. 
power. 

(46.) And in general an equation, in which the mHa is the highest 
power of the unknown quantity, is called an equation of the mth 
degree. 

Note. Each of the two members of an equation is called a side. 



AXIOMS. 



(47.) 1. If equal quantities be either increased or diminished by the 
same quantity, the results will be equal ; or, in other words, if each 
side of an equation be either increased or diminished by the same 
quantity, the result will be an equation. 

2. If each side of an equation be either multiplied or divided by the 
same quantity, the result will be an equation. 
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3. If each side of aa equation be either involfed to the same power, 
or evolved to the same root, the result will be an equation. 

4. And generally, whatever operations be performed on one side 
of an equation, if the same operations be performed on the other side, 
the result will be an equation. 



PROPOSITION. 

(48.) Any term on one side of an equation may be transposed to the 
other, provided its sign be changed. 

For let j;- + a — fc = c + d be an equation, and add b to both sides ; 
then (by axiom 1), jr-j-a — 6 + ^=c+ d-^ b, that is, a* + <* = c -f rf 
-|- b, where b is transposed from the left to the right hand side of the 
equation, and its sign changed. Again, subtract a from each side of 
this last equation, then x -{- a — a=.c-{-d-^b — a; that is, j:=c 
■^ d-{-b — a, where a is transposed, and its sign changed; and in the 
same manner may any other term be transposed. 



EXAMPLES. 

Transpose all the terms containing the unknown quantity x, In the 
following equations, to the left hand side, and the known terms to the 
right. 

1. Given4i + 12=2x — x + 21. 

Here 4x — 2x -|-t = 21 — 12, the terms being transposed as 
required. 

X XX 

2. Given —=10 + — . 

2 4 ' 3 

Here -^ + — — — = 10. 
2^4 3 

3. Given 14 — or = 6x -f 22. 

4-f-^ 6(t — 2) ^ 

4. Given —^ i = — ^- — 8. 



5. Given 3« + 7 = 23 — 5x + 
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4x— 1 



2 



ax 

6. Given ab -|- --- = a (« — h) -\-b. 



7. Given 5x4-8 — ix = 6 — Jx-f-fl-r- 

8. Given (2 -f x) (a — 3) = 13 — 2ax. 

9. Given (a -|- A) (c — x) = (x — a) 6. 



PROBLEM I. 

To clear an 'Equation of Fractions, 

(49.) 1. Multiply each numerator by all the denominators, except 
its own^ and the result will be an equation free from fractions ; or, 

2. Multiply every term by a common multiple of the denominators, 
and the denominators may then be expunged. If the least common 
multiple be used, the resulting equation will be in its lowest terms.* 

The reason of the first of these methods is plain ; for the multiplying 
the numerator of a fraction by its denominator is the same, in effect, as 
expunging the denominator ; and multiplying every numerator by all 
the denominators, except its own, which is left out, or expunged, is 
the same as multiplying every term by the product of the denomina- 
tors; each side of the equation is, therefore, multiplied by the same 
quanti^, and therefore they are equal (axiom 2). 

The second method is equally obvious : for by each term being mul- 
tiplied by a multiple of the denominators, the numerator of each fraction 
becomes divisible by its own denominator, and therefore the denomina- 
tors may be expunged. 



* If a common multiple be evident from inspection, this last method 
will generally be the best ; but if not, the other method will be preferable. 
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EXAMPLES. 

1 . Clear the equation \x -\'^x^l2 ^ ^jp of fractions. 
By the first method, the equation cleared of fractions is 

12j: + 6Qx = 1008 — 63^. 

« -4- 6 6x 

2. Clear the equation — ^ 26 = f- 2. 

Here 4 is evidently the least common multiple of the denominatoi 
.-. multiplying by 4, 

2x + 12 — 104 = 5x + 8. 

4Cx4-3) a Qx — 8 

3. Clear the equation —^ — - — V = -:: + 2. 

2dP + 1 3x 4- 6 

4. Clear the equation — i = • 

3 J? — 1 

ax -{• b a cje •{- d 

6. Clear the equation r^ • 

c ex 

ax a •{- Of 

6. Clear the equation — ; f- ^ ^ 0« 

7. Clear the equation — -^ 1-0 = — 3 h i« 

8. Clear the equation 

4g(g4- 1) 2g(g-2) _ a + a 

3 ■*■ a 2a "*'^' 

9. Clear the equation 

3a , ^ 4ad? , a 

^"^Tirz + ^^z — 7 + zi — :3' 

a-J-fl? a '— iic a* — « 

10. Clear the equation 

ax , X a \ 

a — X a '\' a a — x a' — jc* 
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1 1 . Clear from fractions the equation 



3 — X 3 1 x — S 



2 '5 SO ' 10 
12. Clear from fractions the equation 



Va' — X* V a — a *y a -\- x 

PROBLEM II. 

To clear an Equation of Radical Signs. 

(50.) Transpose all the terms, except that under the radical, to one 
side of the equation. 

Raise each side to the power denoted by the radical, and it will dis- 
appear. If there be more than one radical, this operation must be 
repeated. 

EXAMPLES. 

1 . It is required to free from radicals the equation 

By transposition, \/a + x = i — a\ 

and by squaring each side, a -f « = 6* — 2a6 + a*. 

2. It is required to free from radicals the equation 

N 3j? + Var— 6 — 2 = 3^. 



By transposition, >] 3^? -f v a? — 6 = 3<r -f 2 ; 
and by squaring each side, 

3* + n/« — 6 = 9x» -}- 12ap + 45 
or by transposing, 

n/x— 6 = 9a»4-12«H-4— 3x = 9x«-|-9ac-}-4; 

d2 
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whence, by squaring again, 
X — 6 = (9x» + 9j? + 4)«= 8U* + 162x« + 153x« -f 72* -f J6, 

3. It is required to free from radicals the equation 



By cubing a^x {- 'v a^x^^^^ > 

and by transposition, v a^x® s= 4® — a'^ ; 

and by squaring a^ x^ = (6® — a' x)' =6® — 2a' 6' x + o* j?'. 

4. It is required to free from radicals the equation 

n/T"+T = v^x+ 1. 
By squaring, in order to clear the first side, 

x + 7 = x + 2>/a?+ 1, 
and by transposing, 

x^7 — X— l=:2^/xj 

that is, 

6 = 2 ^/x .'. 3 = »^x, 

and by squaring, we have finally . 

9=:x. 

6. Clear from radicals the equation 

s/ 3 — af + 6 = 8 + J?. 

6. Clear from radicals the equation 

^x — 2 = 4 — Si^x. 

7. It is required to free from radicals the equation 



24 4- Va^4-6 = 2a? — a. 
8. It is required to free from radicals the equation 



o + 's/ — a + N/^-|-2 = 3. 
9. It is required to free from radicals the equation 

VaH->/2ai = a?. 
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10. It is required to free the equation 



N 1 + V J7 4- ^fl^ ^ 2 from radicals. 

11. It it required to free from radicals the equation 

n/c — a? +2 = 6— v^i. 

12. It is required to free from radicals the equation 



-J/af — 4— l = sJ'2 + N/a^ — 1. 



PROBLEM III. 

To solve a Simple Equation containing but one Unknown Quantity. 

(51.) Clear the equation of fractions and radicals, if there be any. 

Bring the unknown terms to one side of the equation, and the known 
terms to the other. 

Collect each side into one term, and the unknown quantity, with a 
known coefficient, will form' one side of the equation, and a known 
quantity the other side. 

Divide each side by the coefficient of the unknown quantity, and 
the value of the unknown will be exhibited. 

Note. Before performing any of the above operations, the equation 
may sometimes be previously simplified by the application of the lst\ 
or 2d axioms, as will be seen in some of the following solutions. 



EXAMPLES. 

1 . Given 4x -f 26 = 59 — 7x, to find the value of a*. 
By transposition, 4* + 7x = 59 — 26 ; 
collecting the terms llx = 33. 
.•. dividing by 1 1 , and we get x = ff = 3 
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2. Given h 60? = , to find the value of x. 

3 • 6 

Clearing the equation 6x -{■ 90x=l2w — 6 ; 
and by transposition, 6x -|- 00« — 12* ^ — 6. 
or collecting the terms S3x = — 6 ; 
.*. dividing by 83, x = £. 

„ ^. 3x + 4 Tx — 3 a? — 16 ^ ^ ^^^ 

3. Given — ^ 5 — = — ^ — > to find the value of jp. 

Here we immediately perceive that 20 is the least common multiple 
of the denominators ; 

.'. multiplying every term by 20, 

12«-f 16— 70x + 30 = 5« — 80; 

and by transposition, 

I2jp— .70x — 5a:=i--80— 16 — 30; 

or collecting the terms — 63x ^ — 126 ; 

— 126 

.*. dividing by — 63, x= —-^2. 

-^-63 

4. Given — t-?- — J = ^^^""^^ — |, to find the value of *. 

T O 

By transposition, — ~ ^-— =| — 1= — 1 ; 

i o 

and clearing the equation, 3x -f- — 14x -f 14 = — 21 : 
or by transposing, 3x — 14d? = — 21 — 9 — 14 ; 
and collecting the terms — llx s= — 44 ; 

— 44 

••. dividing by — 11, x = — = "*• 

6x — 4 18 — 4.r 
6, Given — 2 = \- x, to find the value of x. 

Multiplying every term by 3, 

ar — 4— .6= 18— 4x4-3x; 
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and by transposition, dir -f 4x — 3x = 18 -f 4 -f 6 : 
or collecting the terms 7x := 28 ; 
.'. dividing by 7, r ^ y = 4. 

3x4-1 S(af — 1) 9 

6. Given — -^ 5 — — -^ = —-— , to find the value of *. 

3x 3x-{-2 llx 

Clearing the first side, 

9x* 4- ®* + 2 — 9«' 4- 9x = -y = ! : 

Or, collecting the terms on the first side, 

Six 4-54 
18x4-2= ^ i 

and multiplying by 11, 198^ 4- 22 = 81x 4- 54 : 
or by transposing, 198x — 81<r = 54 -— 22 ; 
that is, 117xs=32; .*. x=-jf^. 

7 . Given — ; — = — ~ , to find the value of x. 

Clearing the equation 3x — 6 = 2x ; 

or, by transposing, 3x — 2x = 6 ; that is, x = 6. 

8. Given x 4- V2ax 4- *•*= a, to find the value of x. 

By transposition, v 2flW7 -^ a^^a — x ; 

and squaring each side, 2flfx 4- x*^ a* — 2ax 4- x^ : 

or by transposing, 2ax 4- 2ax = a* 4- ar' — x' ; 

that is, 4ax ^ a', and .•. x = — ^ — • 

4a 4 

9. Given 2 s/^^x* = 4 (a — ^x), to find the value of x. 
By squaring each side, 4a* 4- 4^?*^ 16a' — 16ax 4- 4j?*; 
and subtracting 4x», 4a' = 16a' — 16ax (axiom 1 ) ; 

or dividing by 4a, a = 4a — 4x (axiom 2 ;) 
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and by transposition^ 4<r ^ 4a — a; 

Sa 
and .'. x = — -• 
4 



10. Given a + x = s/a* -f a? \/b^ -|- x^, to find the value of x. 
By squaring each side, 

and subtracting a'', 2aa? -f ar* 3= x s/fc* + a^ (axiom 1) ; 

then dividing by ar, 2a -f x := *^b^ + j?^ (axiom 2) ; 
and squaring both sides, ^a^ + 4ad7 -f x* = 6' -|- x' 
or subtracting x', 4a' + 4ax = b^ (axiom 1); 
and by transposition, 4ad? =s A* — 4a' ; 

. 6» — 4a» 



.'. X' 



4a 



11. Given "*" — 1 = ^^ , to find the value of a. 

3 2 



Ans. je^t' 



X ^~~ 1 X "4^ 4 
12. Given ) ^ — = x — 3, to find the value of x. 



Ans. d?=:8. 



13. Given—- h 5 = * , to find the value of x. 

2 3^ 8 ' 



Ans. x = 6. 



2 <r x' 4- 1 

14. Given f- -- = — , to find the value of x. 

X + 2 4 4x ' 



Ans. a =if. 

, , to find the val 

a'^ — x' a — X a-^x 



1 flfj? a 
15. Given — — a = '■ 1 r-, to find the value of x. 



Ans. X = 



a — a* 



16. Given (iHL^ + — = ^ + a, to find the value of x. 
2 3 4 

3rt(* 4-4) 



Ans. x = 



6 (a — 6) + 4 
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X* + d? 

17. Given Jx* -|- i« = x H j — , to find the value of x. 

Ana. a = l|. 

18. Given 4a6x* = -2 — ZI III — , to find the value of x. 

Ans. a:= .-- 



I2ab — 3a 

19. Given 21 H — = -^-— H , to find the value 

16 8 SS 

ofx. Ans. j'=:9. 

20. Given }--— -f---|--- = 77, to find the value of x. 

2 3 4 5 



Ans. X =r 60. 



a c 

21 . Given x -4 a -f- -t-^= m, to find the value of x. 





btn 
Ans. x=: 



22. Given v3x — 1 =2^ to find the value of a?. Ans. a=J. 



23. Given a/x -f «* = a? + J, to find the value of x. Ans. x = J. 

24. Given 3 \/2af -f 6 + 3 = 15, to find the value of «. 

Ans. x^5. 

25. Given %/ 3d? + 13 — 4 =0, to find the value of a?. 

Ans. x = 17- 

26. Given /^x + 3 = n/21 + x, to find the value of a?. 

Ans. x=:4. 

V ^« |i8 

27. Given ^ -f y = a + Sy, to find the value of y. 

va — y 

Ans. y = 1 — «. 

28. Given * -f v a — a? = to find the value of .a?. 

V a — iT 

Ans. x = a — 1. 



29. Given n/4 -f n/x* — x^ ^ x — 2, to find the value of x. 

Ans. x = 2^. 

30. Given (2 H- x)i + ai = 4(2 -|- d?)"'i to find the value of x. 

Ans. x=:f. 
D 3 
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QUESTIONS PRODUCING SIMPLE EQUATIONS INVOLVING 
BUT ONE UNKNOWN QUANTITY. 

(52.) In order to resolve a question algebraically, the first thing to 
be done is to consider attentively its conditions ; then, having repre- 
sented the quantity or quantities sought, by Xy or x, y, &c. if we 
perform with it, or them, and the known quantities, the same operations 
that are described in the question, we shall finally obtain an equation 
from which the values of the assumed letters x, y, &c. may be deter- 
mined. Instead of representing the unknown quantity by x ory, &c. 
it will sometimes be found more convenient to represent it by 2x or 
2y, or by Zx, 3y, &c. for the purpose of avoiding the introduction of 
fractional expressions in those cases where a half, a third, &c. of the 
unknown quantity is directed to be taken : (see Question vii. follow- 
ing.) When we see by the conditions of the question that several 
different fractional parts of the unknown quantity will occur in the 
algebraical statement of those conditions, it will be advisable to re- 
present the unknown by such a multiple of x or of y as will be actually 
divisible into the proposed parts. (See Question ii. following.) 



QUESTION I. 

It is required to find a number, such, that if it be multiplied by 4, and 
the product increased by 3, the result shall be the same as if it were in- 
creased by 4, and the sum multiplied by 3. 

Let X represent the number sought ; 
then, if it be multiplied by 4, and the product increased by 3, there will 
result 4x -f- 3 ; but this result, according to the question, must be the 
same as x -f- 4 multiplied by 3 ; hence we have this equation, viz. 

4x-f3 = 3ff-fl2; 

and by transposition, 4x — 3x=:12 — 3; 

that is, X := 9, the number required. 
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QUESTION II. 

It is required to find a number, such, that its third part increased by its 
fourth part, shall be equal to the number itself diminished by 10. 
Let X represent the number. 

Then, by the question, — - + -~-:=x — lOj 

o 4 

or, clearing the equation, 4« -f 3i: =: 12x — 120 ; 
and by transposition, 4x -|- 3f — 12x = — 120 ; 
that is, — 5x= — 120; 

— 120 

.•. X = — = 24, the number required. 

— o 

We might have avoided fractions in the statement of the conditions 
of this question, by representing the number sought not by .r, but 
agreeably to the directions above, by such a multiple of x as would 
really divide by 3 and 4. Choosing the least multiple, the process 
will be as follows : 

Let ]2x be the number. 
Then, by the question, 4x -|- 3x=: 12x — 10 ; 
and by transposition, 4x -|- 3x — 12^7 =: — 10 ; 

that is, — 5x = — 10 .•. x := = 2. 

■^ 6 

.*. 12x = 24, the number required. 



QUESTION III. 

A person left 350/. to be divided among his three servants, in such a way 
that the first was to receive double of what the second received, aud the 
second double of what the third received. What was each person's share ? 

Let the share of the third be represented by a; 

then that of the* second was , , , . 2x 

and that of the first 4af 
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and, since the sum of tbeir shares amounts to 350/., 

we haTe x -^2x-\-4x^ 350 ; 

or 7x = 350 ; 

and .-. x = »fo = 50; 

whence the share of the first was . . £50 

of the second . . 100 
of the third . . 200 

QUESTION IV. 

It is required to divide 160/. among three persons, in such a manner, 
that the first may receive 10/. more than the second, and the second 12/. 
more than the third. 

Let the share of the third be x 
then that of the second is a.* -f- 1^ 
and that of the first . . a' -{- \2 -{- 10 -^ 
and by the question, ap-fx-fl2+d?-fl2-fl0 = 160/. ; 
that is, by addition and transposition, 3x= ]26 ; 

whence, «=»§«=: 42 : 
.'. the share of the third is . £42 

second . .54 
first . . 64 ' 

QUESTION V. 

A merchant has spirits at shillings, and at 13 shillings, per gallon, 
and he wishes to make a mixture of 100 gallons that shall be worth 12 
shillings per gallon. How many gallons of each must he take? 

Suppose X to be the number of gallons at ds. y 

then 100 — x must be the number at 13«. ; 

also the value of the x gallons, at ds», is dx shillings ; 

and of the 100 — a?, at 13«., is 1300 — 130;- shillings ; 

and the value of the whole mixture, at I2s,, is 1200^-. : 



SIMPLE EQUATIONS. 61 

.-. 9^ 4- 1300 - 13a' = 1200 ; 
that is, — 4a' = 1200 — - 1300 = — 100 ; 

— 100 ^ 

consequently^ x = — := 25 ; 

.*. there must be 25 gallons at ds* 
and 100 — 25 = 75 . . 13$. 



QUESTION VI. 

How many gallons of spirits, at 98. a gallon, must be mixed with 20 
gallons at 13«.) in order that the mixture may be worth IO5. a gallon ? 

Let jp be the number of gallons at 9s», the value of which will be dj; 
tthillings; also d? -|- 20 will be the whole number of gallons in the mixture, 
the value of which, at 10«., is lOj? -t~ 200 shillings; now the value of the 
20 gallons at 13;. is 260 shillings : 

.*. 9a? + 260 = 10x + 200; 

and, by transposition, 260 — 200 := lOor — 9jr ; 

that is, 60 = .r : 

.'. there must be 60 gallons at 9s,, in order that the mixture, which will 
contain 80 gallon:!, may be worth lOs. a gallon. 



QUESTION VII. 

A fish was caught whose tail weighed 9 lbs. ; his head weighed as much 
18 his tail and half his body, and his body weighed as much as his head 
md tail together. What was the weight of the fish ? 

Let 2x be the number of lbs. the body weighed ; 
then 9 -^ x =z weight of the head ; 
and, since the body weighed as much as both head and tail, we have 

2dP = 9-f 9 + d?; 
or, by transposition, 2a? — a? = 9 + 9 ; 

that is, ^=18; 
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.'.36 lbs. = weight of the body, 
9 -f .r = 27 lbs. = . . . . bead^ 
9 lbs. :=.... tail, 



The sum := 72 lbs. the whole weight of the fish. 



QUESTION VIII. 

If ^ can perform a piece of work in 12 days, and B can perform the 
same in 15 days, in what time will they finish it if they both work at it 
together ? 

Let X denote the number of days ; 

then— is the part A can do in x days ; 
1^ 

X 

and --- is the part B can do in x days ; 
15 

"* .•. ;, 4- -— = the whole work (= 1) : 
12 ^ 15 ^ 

and, clearing the equation, \5x -f 1 2x = 1 80 ; 

thatis, 27x=180; 

... x = \Jp=r6i; 

.*. they will finish it in 6f days. 

9. A person wishes to divide a straight line into 3 parts, so that the 

first part may be 3 feet less than the second, and the second 5 feet more 

than the third. Required the length of each part, that of the whole line 

being 37 feet ? 

Ans. the three parts are 12, 15, and 10 feet. 

10'. What number is that whose fifth part exceeds its sixth by 7 ? 

Ans. 210. 

1 1 . Twb persons, at the distance of 150 miles, set out to meet each 
other: one goes 3 miles, while the other goes 7. What part of the dis- 
tance will each have travelled when they meet? 

Ans. One 45 miles, and the other 105. 

12. Divide the number 60 into two such parts, that their product may 
be equal to three times the square of the less? 

Ans. The parts are 15 and 45. 
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13, Divide the number 45 into two parts, sncb that their product may 
be equal to the greater minus the square of the less, 

Ans. The parts are ^ and >JJ^. 

14. It is required to divide the number 36 into three such parts, that 

one half the first, one third the second, and one fourth the third, may be 

equal to each other. 

Ans. The parts are 8, 12, and 16. 

\5, A person bought three parcels of books, each containing the same 
number, for 12/. ds, ; for the first parcel he gave at the rate of 6s. a 
volume, for the second 98,, and for the third 10«. 6d. a volume. How 
many were there in each parcel ? Ans. i 0. 

16. Find a number such that } thereof increased by i of the same, shall 
be equal to J of it increased by 36, Ans. 84. 

17. A post is i in mud, ^ in water, and ten feet above the water. 
Required the length of the post? Ans. 24 feel. 

18. There is a cistern which can be supplied with water from three 
different cocks ; from the first it can be filled in 8 hours, from the second 
in 10 hours, and from the third in 14 hours. In what time will it be filled 
if the three cocks be all set running together? 

Ans. 3 hours 22 min. 8^ sec. 

19. A gentleman spends J of his yearly income in board and lodging, 
J of the remainder in clothes, and lays by 20/. a year. What is his income ? 

Ans. 180/. 

20. Two travellers set out at the same time, the one from London, in 
order to travel to York, and the other from York to travel to London ; 
the one goes 14 miles a day, and the other 16, In what time will they 
meet, the distance between London and York being 197 miles? 

Ans. in 6 days, 13J hours. 

21. A person wishes to give 3^. a piece to some beggars, but finds he 

has not money enough by Sd, ; but if he gives them 2d, a piece, he will 

have 3d, remaining. Required the number of beggars. 

Ans. 11. 

22. A gamester at play staked } of his money, which he lost, but after- 
wards won 4«. ; he then lost ^ of what he had, and afterwards won Ss. ; 
after this he lost J of what he then had, and finding that he had but 1/. 
remaining, he left off playing. It is required to find how much he had at 
first? Ans. 1/. ]0s. 
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23. A perfiOD mixed 20 gallons of spirits at 9^. a gallon, mih 36 gallons 

at lis, a gallon, and he now wishes to add such a quantity at 14«. a gallon 

as will make the whole worth 12;. a gallon. How much of this last must 

he add ? 

Ans. 48 gallons. 

24. If A can perform a piece of work in a days, and B can do the 
same in b days, in how many days will they have finished the work if they 
both work at it together? 

Ans. in --r days. 

25. If A can perform a piece of work in a days, B in 6 days, C in c 
dayd, and D ind days, in how many days will they have finished the work, 

if they all work at it together? 

abed 
Ans. in -j — ; — r . , , . — . — y days. 
^ abc + abd H- bde -f adc 

26. It is required to find a number such, that if It be increased by 7, 

the square root of the sum shall be equal to the square root of the number 

itself and 1 more* 

Ans. 9. 

27. It is required to find two numbers, whose difference is 6, such, that 

if i the less be added to | the greater, the sum shall be equal to } the 

greater diminished by J the less. 

Ans. 2 and 8. 

28. A labourer engages to work at the rate of Ss, 6d* a day, but on 

every day that he is idle he spends 9d., and at the end of 24 days finds, 

that upon deducting his expenses, he has to receive 3/. 2s, 9d, How many 

days was he idle ? 

Ans. 6 days* 

29. A person being asked the hour, answered that it was between 5 

and 6, and that the hour and minute hands were exactly together. What 

was the time ? 

Ans. 27' Iftft" past 6. 

30. A gentleman leaves 315/. to be divided among his 4 sons in the 
following manner, viz. the second is to receive as much as the first, and 
half as much more ; the third is to receive as much as the first and second 
together, and } as much more ; and the eldest is to receive as much as 
the other three, and ^ as much more. Required the share of each. 

. The share of the 1st is 24/., of the 2d 36/., 

Ans. 



Sine 
of 



the 3d 80/., and of tbe 4th 175/. 
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PROBLEM IV. 

To resolve Simple EquatioTis containing two Unknown Quantities. 

(53.) When there are given two independent simple equations, and 
two unknown quantities, the value of each unknown quantity may be 
obtained by either of the three following methods. 

First Method. 

(54.) Find the value of one of the unknown quantities in terms of 
the other and the known quantities, from the first equation, by the 
method already given. Find the value of the same unknown quantity 
from the second equation. 

Put these two values equal to each other, and we shall then have a 
simple equation containing only one unknown quantity, which may be 
solved as before. 

Thus, suppose ax -f- ^y = <? $ and a'x -^ b'y ^ &, 

c — by 

Then, from the first equation, x =. ; 

a 



and from the second . 



c - by ^ 



a' 



c — bu c — b' y 
whence, equating these two values of j?, — • 



a a' 



and clearing the equation, a'c — a' by -^ ad — ab'y ; 

or, by transposition, ab'y — a'by=z ac' — a'c ; 

that is, (jab' — a*b)y=s ac' — a'c ; 



ac — «'c 



a6 — a 

and this value being substituted in either of the above values of .r, gives 

b'c—bc' 

X:sz — • 

ab'—a'b 
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EXAMPLES. 

1 . Given j 5^ it 2^ = lo 1 ' *® *"^ ^^ ''^'^^^ ®^* ^^^ ^' 

23 — 3 V 
From the first equation x = — - — - > 

10 + 2v 

and from the second ... « ^ ^ — ^ ; 

5 

23 — 3y __ 10 + 2y 
'* 2 - 5 * 

or 115 — 15y = 20 + 4t/; 

and by transposition^ '— \5y — 4i/ := 20 — 115; 

or — 19y = — 95; 
— 95 ^ 

consequently^ ar (= "^ — ^) = 4. 

2. Given ) 4* I ^ ~ 33 1 » **^ ^^ ^® values of x and y. 

45 — 5x 
From the first equation y ^ 5 > 

and from the second ... 2^ = 33 — 4x ; 

45 — 5i ^^ ^ 
.". = 33 — 4x, 

or 45 — 5j:=66 — 8x; 
and by transposition^ 8x — 5x = 66 — 45 ; 

that is, 3x=:21, 

••. ap = 7, and y (= 33 — 4a:) = 5. 

3. Given \ 7^ IZ 3« = 54 ( * *° ^"*^ ^^^ values of j? and y. 

Ans. 07 = 9, and ;/ = • 
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4. Given I i _4 ~ 2 ( ' *® ^^ the values of j? and y. 

Ans. <r=s 12, andy=:8. 

5. Given < I'^^'Ts^^iyi i J to find the values of x and y, 

Ans. x=3, y^8. 

Second Method, 

{55.) Find the value of either of the unknov^n quantities from one 
of the equations, as in the preceding method. Substitute this value 
for its equal in the other equation, and we shall have an equation 
containing only one unknov^n quantity. 

Thus, taking the same general example as before, viz. ajc -^ by =i c, 
and a'x — b'y:^c% if we substitute for x in the second equation, its 

value, —, as determined from the first, there will arise the equation 

\-b yz^c \ or a c — a by + ab y = ac j 

a 

and by transposition, ab y — afby^z^ac — a*ci 



ac* — a c 



h'c — be \ 
by substitution, x = -p t J 



as before. 

h'o — he i 
and 



ab'-^a'b 

EXAMPLES. 
< fio. -J- A« — Ti ) 

From the first equation 8x = 74 — By, or a = 



. Given < o^ T 5^ _ og ( * to find the values of x and y, 

T4 — 6y 
8 
which value substituted in the second equation, 

232 — 18y 
gives i + 5y = 36 ; 

.«, 222 — 18y-|-40y = 288: 
or 40y — 18y = 288 — 222 ; 
that is, 22t/ = m \ 

.-. y = 5« = 3,and*(=^!l^^) = 7. 
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2. Given H* + ^3^ = 3 J L to find the values of x and y. 

Ans. 0*^2^ and j^=:8. 

3. Given < 1' ^ |^^ i ( > ^ ^^^d the values of x and y. 

Ans. X = 12, and y ^ 6. 

4. Given < /to find the values of x and y. 



Ans. «=1 andy=s0. 



TAirci Me^Aod. 



(56.) Multiply or divide each of the given equations by such quan- 
tities, that the coefficient of one of the unknown quantities may be the 
same in both. 

Destroy the identical terms by adding or subtracting these equa- 
tions, and the result will be an equation containing only one unkqpwn 
quantity. 

Note. If multipliers, or divisors, do not readily present themselves, 
which will make the coefficient of any one of the unknowns the same 
in both equations, then each of the equations must be multiplied or 
divided by the coefficient of that unknown in the other equation, which 
we wish to exterminate. 

Thus, taking our former general example, ax -}-bjf=sc, and a'a? + b*y 

= e' ; if we multiply the second equation by a, and the first by a', in 

order that the coefficient of x may be the same in both equations, we shall 

have 

aa'x ■\-ab'y:=^a& 

aa'x-\- a'by^a'c 



and subtracting ab'y — a'by-ss. ac' — a'c 

ac* — ac 

as before. 

h'o — ha' ( 
and by a similar process, 



ac* — a'c 

h'c — be* i 
ss, X = -77 n J 



ab' — ah 
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EXAMPLES. 



1 . Given ) 3* i 4« 57 ( > *** *^^ *^® values of jt and y. 

Multiplying the first equation by 3, and the second by 4, in order to 
equalize the coefficients of x, we have 

12ap— . 9y=: 3 
12f+]6y=:228 



and by subtracting 25y = 225 

.•.y = ^ = 9; 

3 4- 9v 3 + 81 
whence x = — f--^ = — f- — = 7. 
12 12 

2. Given | 3!^ it 4^ ^ ^88 1 » *° ^"^ ^^ ^*^^®^ ^^ ^ ^^^ ^' 

Ans. A' = 8 and 1/ = 16. 

3. Given < _^ i 8 — 50 ( * *° ^^^ ^^ values of a? and y. 

Ans. X =r 3 and 1/ = 7. 

ADDITIONAL EXAMPLES. 



1 . Given > e^ _ 3 ^ 131 | > *© ^n^ *b« values of a? and y . 

4 <a:=22 
A««-|i.= 13 

2. Given p Z.4^ i 6? = 20 4 * *® ^^^ ***® values of x and y. 

Ans.j *~! 

3. Given \ __ ^^T fjj^ 33* | to find the values of x and y. 
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4. Given j i^i|y^__i \ to find the values of jr and y 



Ans. ^*~i5 



r~ + 5i/= 23 

(50? -h ^ = — 6i 
4 



= 23^ 
5. Given < ^ to find the values of x and y. 



) 



A„s.{« = -3 



5 



C- — 12=^4-8 
12 4^ 

5 "*"3 4 



- — 12=^4-8 
2 4 

6. Given •{ ^ to find the values of «andy. 

+ 27 

x=60 






Ans. ^ 4Q 



7. Given ^ ^ ^ ^a Z ^ | > to find the values of a and y. 



Ans. < 

^ 2a 



8. Given H/*_j"ji)— ^(^"•y^^, to findthe values of a; andy. 

2 Sab 
a — I c 
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then 20jr 
and 30x 



(57.) QUESTIONS PRODUCING SIMPLE EQUATIONS INVOLVING 

TWO UNKNOWN QUANTITIES. 

QUESTION I. 

A vintner sold, at one time, 20 dozen of port wine, and 30 dozen of 
sherry, and for the whole received 120/. ; and, at another time, he sold 30 
dozen of port, and 25 of sherry, at the same prices as before ; and for the 
whole received 140/. What was the price of a dozen of each sort of wine ? 

Let X be the price of the port per dozen, 
and y that of the sherry ; 

-h303/=120> (2x + 3y = 12 
+ 25y = 140 5 ^'^ t 6a? -t- 5y = 28 

and multiplying the first equation by 3, 

6x + 9y=36 

and sabtracting 6x -|- % ^ 28 

4y= 8 
r.yss, 2, .'. 2/. is the price of the sherry ; 

and X (:= — =-) ^ 3 ; .*. 3/. is the price of the port per dozen. 



QUESTION II. 

A farmer has 86 bushels of wheat at 4«. 6d. per bushel, with which be 
wishes to mix rye at 3«. ^d, per bushel, and barley at 3«. per bushel, so as 
to make 136 bushels, that shall be worth As, a bushel. What quantity of 
rye and of barley must he take ? 

Let X represent the number of bushels of rye, 

and y the number of barley ; 

then 3}x shillings is the value of the rye, 
3y shillings barley, 

and 387 shillings wheat, 
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now the value of the whole 136 boshelSi at 4.8., is 544 «. : 

.-.Sir +31/ + 387 = 544; 

or Sjx -1-31/ = 157 ; 

also jc 4- y -f 86 = 136^ .*. 3 x -f- 3y = 150 by trani^osing and multiplying 

by 3 

and by subtraction, ^d? = 7 

.'. d?= J4 

andy( = 136-- 86 — «)= 36: 

hence he must take 14 bushels of rye, 
and 36 barley. 



QUESTION III. 

A person has 27/. 6s, in guineas and crown-pieces ; out of which he pays 
a debt of 14/. 17s., and finds he has exactly as many guineas left as he has 
paid away crowns ; and as many crowns as he has paid away guineas. How 
many of each had he at first? 

Suppose X the number of guineas paid away, 

and y crowns ; 

then, by reducing to shillings, we have 

21i'4- 5y =297 = the amount paid away > bv the Question • 
and 5x + 215^ = 249 = the amount remaining ] oy i^oe q'lesiion , 

.*. multiplying the first equation by 5, and the second by 21, 

_^ .„^ S 105x 4- 25y = 1485 
we have ^ i05x + 441y = 5229 

and by subtraction 416^:= 3744 

.'. y = 3^* = . 9 = no. of crowns paid away, 

, 249— 21y^ _ 
whence x(=r — ^) = 12=:no. of guineas ; 

.*. he had at first 21 guineas and 21 crowns. 
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QUESTION IV. 

There is a nomber, consistinp^ of two digits, which is equal to four times 
the sum of those digits ; and, if 9 be subtracted from twice the number, 
the digits will be inverted. What is the number? 

Put « z= the first digits 

ff = the second ; 



then the number 
also20« 



is J 0« + y = 4j? + 4y > , ., Question • 
•-|-2y — 9=10y4- *5 oy ine quesuon , 



from the first equation 6x = 3y, or y =: 2x, 

and from the second \9x — 8y = 9, or, substituting the above value of y 
in this equation, we have 19x — 16« = 9, or Sr = 9 ; 

.*. X =s 3 and y ( = 2x) = 6, .*. the number is 36. 

5. A bill of 14/. Hi, was paid with half-guineas and crowns, and twice 
the Domber of crowns was equal to three times the number of half-guineas. 
How many were there of each ? 

Ans. 16 half-guineas and 24 crowns. 

0. There is a number consisting of two digits, which is equal to four 
times the sum of those digits; and if 18 be added to it, the digits will be 
inverted. What is the number ? 

Ans. 24. 

7. A man being asked the age of himself and son, replied, ** If I were \ 
as old as I am -|- 3 tiroes the age of my son, I should be 45 ; and if he were 
\ his present age -{- 3 times mine, he would be 1 1 1 ." Required their ages ? 

Ans. The father's age was 36, and the son's 12. 

8. What fraction is that, whose numerator being doubled, and denomi- 
nator increased by 7, the value becomes J ; but the denominator being 
doubled, and the numerator increased by 2, the value becomes J? 

Ans. |. 

9. A man and his wife could drink a barrel of beer in 15 days ; but, after 
drinking together 6 days, the woman alone drank the remainder in 30 
days. In what time could either alone drink the whole barrel? 

Ans. The man could drink it in 21i} days, and the woman in 50 days. 
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10. A farmer sold at one time 30 bushels of wheat and 40 bushels of 
barley, and for the whole received 13/. 10«. ; and at another time he sold, 
at the same prices as before, ^0 bushels of wheat and 30 bushels of barley, 
and for the whole received 17/. How much was each sort of grain sold at 
per bushel ? 

Ans. The wheat was sold at 6s*, and the barley at St. a bnsheL 



PROBLEM V. 



To resolve Simple Equations contuinirig three Unknown Quantities^ 

(58) Either of the three methods given for the resolution of equations 
witli two unknown quantities may be extended to this case; but^as the 
last of the three will generally be found preferable to the others, we 
shall therefore give it as our 



\st Method, 

(59.) Multiply, or divide, each of the two first equations by such 
quantities as will make the coefficients of one of the unknowns the same 
in both. 

Destroy the identical terms, by adding or subtracting these equa- 
tions, and the result will be an equation containmg only two unknown 
quantities. 

Perform a similar process on the first and third, or on the second 
and third, of the original equations, and there will result another equa- 
tion containing only two unknown quantities ; therefore we shall have 
two -equations and two unknown quantities : hence this problem is re- 
duced to the former. 

After what has been done in Art. 1 2, there does not seem any necessity 
for showing the truth of this method in general terms; we shall there* 
fore proceed to particular examples. 
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EXAMPLES. 



1. Given 



C2x+4y — 3z = 22-) 

c 4a? — 2y '{-6z=:\S > to find the values of x, y, and z, 

( 6xH-7y— 2 = 633 



Multiplying the first equa. by 2, 4j -|- Sy — 62 = 44 
and sabtracting the second, .... 4x — 2y '\- 5z =s ]% 

there results (A) lOj^ — lls=26 

Again, mult., the first equa. by 3, 61 -f- 12i/ — 9z = 66 
and sabtracting the third 6x -j- fy — s=63 

there results « 5y — 82= 3 

and molt, this result by 2 lOy — 16t= 6 

which, subtracted from equation (A) lOy ^ 1 Is =: 26 

gives 5z = 20 

.. / 3 + 8«. ^ . , 22— 4y + 32^ ^ 

(•3*4.2^ — 4«= 8-) 
2. Given < 5jf — 33/ -f- 3« = 33 > to find the values of x, y, and z. 
C.7^4- y + 62 = tf53 

In this example it appears, from the coefficients, that y may be most 
readily extenninated j 

.'. mnltiplying the first equation by 3, and the second by 2, they become 

9TH-6y — 12z:=24 
}0x — 6y+ 6z 1=66 

and by addition (A) 19i— 6x==90 

Again, multiplying the third equation by 2, it becomes 

14x + 2^ + 102 = 130 
and subtracting the first, 3x-{-2y — 4z = 8 

there results..... llx-f- 14t = 122 

e2 
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aad multiplying this last equation by 3, and equation (A) by 7, we ba^e 

33f + 42z=366 
and 133x —42s = 630 



and by addition 166x = 996 

.'• jr=:6; 

90 — 19x 
also;r(= — ):= 4, andyf ^65 — 7* — 5t)=:3. 

C7x + 5i/H-2z= 79") 
* 3. Given < So? + 71/ -f 9z = 122 > to find the values of x, y, and z. 
C. a? + 4y Hr 5^ = ^5 3 



r*=4 

Ans. < y e= 



4. Given < — 5« + 4i/ -j- 2:5=2= — 20 > to find the values of *, y, and t, 
t lla"-7y — 62= 373 



Ans. 



Cx=z 2 
iz= 1 



C ^ + iy + j2=327 

< 1^ + iy H" i^ = 1^ t^ fi^^ ^0 values of a 



C2=12 

Ans. < 3^=20 

Cz = 30 



^-StUjL^tszz 21 
3 ' 



6. Given < ^-^^ — 3a? = — 65 ^ to find the values of », y, and z. 



3«4-y — z 



Cx=24 
Ans. < y= 9 

C«= 5 
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2d Method. 

(60.) Multiply the first equation by some undetermined quantity 
m, and the second by another, n; 

Add the two equations, so multiplied, together, and from the sum 
subtract the third equation, and the result will be an equation con- 
taining all the three unknown quantities. 

Then determine m and n, so that two of the unknowns may be 
destroyed, and the value of the other unknown will be obtamed. 

Thus, as a general example, let us take the three equations 

ax-^-by -^-czssd, 

then, multiplying the first by m, the second by n, adding the results, and 
subtracting the third equation, we have 

{am 4- a'« — a")* + (ftw-f- 6'«— 6")y + (cm + c'« — c") z 

== dm -|- <r« — ef' ; 
sow, in <»der to destroy g and y, put 






then, since the coefficients of x and y become 0, they vanish from the 
equation, which becomes simply 

(cm + </n — c") z=zdm-]'d'n — d" : 

dm-^-d^n—d' * 

cm -j-c» — c 

The Talues of m and n being found from equations (A) by last problem, 
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and if these Talaes be substituted in the above value of Zf and the fractions, 
in both numerator and denominator, be brought to common denominators, 
we shall have 

_ dih'a' --afb") H- d {ah" — ha") — tt' {ah' >- ha!) 
^ "" c {h'd'-a'h") + c {aV* — ba")'^c" (ah' — ha')' 

In a similar manner may x and s be exterminated, and the value of y exhi- 
bited, by putting 

am + a*n = a", 

and y and 2 also may be exterminated, and the value of a* exhibited, by 

putting 

bm -f" b'n = 6", 

and proceeding as above. We shall therefore have 

_ d jc'h" - h'c") H- d'(bc" — ch") —rjhc'—cV) 
* "■ a (cV— b'c") + a\hc" — cb") —oT {b&^ch')' 

_ d(c'a"^a'<f)-{-dXac"'-'Ca")—d!'{ac'-'Ca') 
^ "" A i&a"— a'c") + b\ac"^cd') — d" (ac'— ca';' 

_ d {b'ar — a'b") H- <r(gr — fai^O — rf^^g^' - ^aO . 



/\ > 



and, by substituting particular values in the above general expressions, any 
proposed example may be solved. 



Scholium, 

(6 1 .) The method above given, has been introduced for the purpose 
of obtaining general values for the unknown quantities, that may apply 
to every particular example, by substituting in them the particular co- 
efficients for the above general ones; this method being preferable for 
that purpose to the preceding one. When, however, the whole process 
is to be performed, particular examples are much more readily solved 
by the first method, and therefore we shall not give any to this. It may 
here be further observed, that either of the two methods may be readily 
extended to equations containing four, or a greater number of unknown 
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quantities, they being solved according to the first method, by equalizing 
the coefficients of the same unknown in any two equations, and then, by 
addition or subtraction, exterminating them one by one; or, according 
to die second method, by multiplying the first equation by m , the second 
by n, the third by p, &c. to the last but one, subtracting the last equa- 
tion from their sum, and then determining m, n,p, &c. so that all the 
unknowns in the resulting expression may vanish, except one, the value 
of which will become known. 

Both these methods, however, from their giving only one unknown 
at a time, and their requiring a repetition of the process to determine 
each of the others, become at length very tedious ; a circumstance which 
has induced several eminent mathematicians to attempt the discovery 
of a direct method, whereby the values of all the unknowns, in any 
number of equations of this kind, may be determined at once. The 
most successful of these has been Bezout, who, first in the Memoirs of 
the Academy of Sciences, and then in his TheorU Gcncrale des 
Equations AlgebriqueSf p. 172, gave a method, which is generally con- 
sidered as the simplest that has yet appeared. It is as follows : 

General Rule to calculate either all at once, or separately, the 
values of the unknown quantities in equations of the first degree, whether 
they be literal or numeral. 

Let Uf Xy y jar, &c. be the unknowns, whose number is w, as also the 
number of the equations : Let a, 6, c, (/, &c. be the respective coeffi- 
cients o{ the unknowns in the first equation; a', 6', c', d\ &c. the co- 
efficients of those in the second ; a", 6", c", rf", &c. of those in the third, &c. 

Conceive the known term in each equation to be affected by some 
unknown quantity, represented by t\ and form the product, uxyzt^ of 
all the unknowns written in any order at pleasure ; but this order, once 
determined, is to be preserved throughout the operation. 

Change, successively, each unknown in this product for its coefficient 
in the first equation, observing to change the sign of each even term : the 
result is called theirs/ line. 

Change, in this first line, each unknown for its coefficient in the se- 
cond equation, observing, as before, to change the sign of each even 
term : the result is the second line. 

Change, in this second line, each unknown for its coefficient in the 
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third equation, still chaDging the sign of each even term, and the result 
is the third line. 

Continue this process to the last equation, inclusively, and the last 
line that you obtain will give the values of the unknowns in tlie fol- 
lowing manner : 

Each unknown will have for its value a fraction, whose numerator 
will be the coefficient of the same unknown in the/as^ or nth line; and 
the general denominator will be the coefficient of t, the unknown at first 
introduced. 

Suppose we wish to find the values of x and y in the eqaation« 

ax -{-by -{-c^Q, and a'x -f" *'y H" ^ = ; 
introducing t, these equations become 

aa? -f- *y + ct^O, and afx -f- Ay + cV = j 
and forming the product, xyt, and then changing x into a, y into h, t into 
c, and changing the signs of the even terms, we have, for the first line, 
ayt — hxt -f cxy ; then changing x into a', y into b\ t into c\ and chaog-^ 
ing the signs, as before, we have for the second Une 

aVt — ady — a'ht -f- bc*x + a'cy — 6'cjp, or 

(afe'— dh)t — (flc' — a'c)y + [he' — Vc)x ; 

he — h'e . — (ac' — ae) a'e — ad 

whence x = -■ ; r.> and y = -7 — -;= — = —r, 71 > 

ah — ah ah — ao ah — ah 

and in the same manner may this method be applied to any number of 
equations whatever, containing an equal number of unknown quantities.*^ 



* Bezout does not give any demonstration of this rule in the work above 
referred to, and seems to have obtained it by induction. But a demon^ 
stration from Laplace may be seen in Gatmier's Analyse Algthrique^ 
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(62.) QUESTIONS PRODUCING SIMPLE EQUATIONS INVOLVING 

THREE UNKNOWN QUANTITIES. 

QUESTION I. 

If A and B can perform a piece of work in 8 days, A and C together 
in 9 days, and B and C together in 10 days : in how many days can each 
alone perform the same work ? 

Let the number of days be x, y^ and 2, respectively : 

then A can do — of the whole in a day ; 
B — « ; 

y 
c i. 



and since A and B do the whole in 8 days, 

8 8 

.•. 1 (= the whole work) ^ 1 1 

X y ^ 

also^ since A and C do the same in 9 days, 

9 9 

.% 1 (=the whole work) := 1 ; 

X z 

and m the same maimer — = 1 ^ 

y z 

.\ dividing the first of these equations by 8, the second by 9, and the third 
by 10, we have 

X y 

f + T = l' 

■X z 

and subtracting the second equation from the first, 

1-^ = 4-45 
y « 

£3 
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and adding the third to tbi;*, we get 

y 

also subtracting the third equation from the second, we have 

X y X 

whence x=^=:14B, and l=J-^=^, 

z 

hence j4 can do the work in 14}J days, JB in 17}f days, and Cin 23 j^ days. 

2. It is required to find three numbers, such, that ^ of the first, | of the 
second, and | of the third, shall together make 46 ; | of the first, ^ of the 
second, and j of the third, shall together make 35 ; and ^ of the first, \ of 
the second, and J of the third, shall together make 28^. 

Ans. 12, 60, and 80. 

3. A sum of money was divided among four persons, in such a manner, 
that the share of the first was ^ the sum of the shares of the other three, 
the share of the second } the shares of the other three, and the share of 
the third ^ the shares of the other three; and it was found that the share 
of the first exceeded that of the last by 14/. : What was the sum divided, 
and how much was each person's share ? 

Ans. The whole sum was 120/. ; also the share of the first person was 
40/., of the second SO/., of the third 24/., and of the fourth 26/. 

4. A person has 22/. Hs. in crowns, guineas, and moidores ; and he 
finds that if he had as many guineas as crowns, and as many crowns as 
guineas, he should have 36/. 6«. ; but if he had as many moidores as 
crowns, and as many crowns as moidores, he should have 45/. Ids, How 
many of each did he have ? 

Ans. 26 crowns, 9 guineas, and 6 moidores. 
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ON RATIO, PROPORTION, AND PROGRESSION. 

(63.) Ratio is the relation which one quantity bears to another of 
the same kind, with respect to magnitude. 

Ariihmetical ratio is that which expresses the difference of the 
quantities compared. 

(64.) Geometrical ratio expresses the quotient arising from the 
division of the quantities compared. 

Thus, if a and b be compared, b — a expresses their arithmetical ratio> 

b 
and — their geometrical ratio ;• but, to prevent confusion, the term ratio 

is generally confined to the latter sense; and, instead of arithmetical 
ratio, the simple term difference i» used ; so that in what follows ratio 
always means geometrical ratio. Also, to avoid the too frequent repeti- 
tion of the term, two dots are usually placed between the quantities to 
represent their ratio ; thus, a : b signifies the ratio of a to 6 j and a and b 
are called the terms of the ratio. 

(65.) The first term in a ratio is called the antecedent, and the other 
the coruequent^ 

(66.) In any number of ratios, if the antecedents and consequeits 
be respectively multiplied together, the ratio of the products is said to 
be compounded of the preceding ratios : thus, in the following ratios, 



* In expressing the geometrical ratio of two quantities, it matters not 
whether the second term be divided by the first, as is done here, or the 
first term by the second; but whichever way is fi.\ed upon, that must be 
preserved. It is however usual, when ratios of different magnitudes are 
compared, to express them by the division of the first term by the second : 
thus, the ratio of 4 to 2 is said to be greater than that of 4 to 3, because 
\ is greater than |: but, in the investigation of properties, the way used in 
the text is rather preferable. 
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Theorem 3, In any series of quantities in aritlimetical progresaioo, 
le sum of ihe two exticiues is equal to the sum of any tno leniiB 
^ually distaut from the extremes ; or it is equaE lo twice tbe middle 
'rm, wlieii the number of terras is odd. 

For let a be the first term in tbe aeries, and d tbe common dlfTerence f 
len, it tbe series be incieoBing, it Is ff, a+d, u + 2d, a + 3rf, a + W, 
c, in wblcb, if tbe first and fiftb be considered as extremes, we bave 

• + <«+«) = (•+ ■') + C" + 3i') = 2("+M)i 
1*1 the same maybe sbown foe any greater nnmber of terms; as also when 
^ serie't is decreasing. 

Theorem 4. In any increasing arithmetical progresaior 
i^m is equal lo tbe first term jiius the product of tlie common differ- J 
«2c, and number of terms fess one; but if the progression be decreasing^! 
^n the last term is equal to the first term minus &e same product, 
let a be tbe first term, and d tbe common diSerence ; then the increai- I 
^ series is a, a + d, a + 3rf, a + 3d, Ac, and Ibe decroasing series i» I 

a —d, a — 2d, a — 3rf, ifec, where It Is obvious that anj 
sat secies consisls of the first term a, pl«a as many times ij as are equal 
the number of terms preceding; tbe piDposed term ; and any term in ths 
E=ond BBrlfls consists of tbe Rrsl term a, mivjw as many times d us are 
^lal to tbe nnmbet of terms prKCedlng ; therefore tbe »tb term of Iha 
c-mer series is a + (n - l)rf, and of the latter a — (« — ly. 

Theorem 5. The sum of any series of quantities in arithmeticaF I 
■^a^ession is equal to the sum of the extremes muiiiplied by half tha ^ 
M^ mber of terms. 

^■Bl a + (o + i/) + <n + 2<f ) + (a + 3rf) + *c. be the progression 
^n, if the number of terms lie reiire^^enled by n^ Ihe last term will bi 
— |- (« — l>d (Tbeo. 4) ; and thereforB, by reversing Iba terms, Ihs 
K-ue series may be written thus, 

(a + (n~ l)rf} + {a + Cn-ayj + [«+ (n-a)rf| + ... 
t" + («-«>'!. 
■^ adding this series to ibi equal, as expressed above, 

li.+(.-iyi + l*> + (»-i>'l + (s«+<»-iM - 

=~ ice the sum of Ihe progression; and as there must be n lei 



1 

I 

I 
■ 
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a : b, c : d, e ij'fihe product of the antecedents is ace, and that of the 
consequents bdf, and ace : bdf is the compound ratio. 

(67.) If the antecedents and consequents be respectively the same in 
each of the simple ratios, as a : 6^ a : 6, a : 6, &c. then the compound 
ratio is a* : ^% or a^ : b^, &c* according to the number of simple ratios ;. 
in which case a^ : 6' is called the duplicate ratio o( a : b, a' : 6* the 
triplicate ratio, &c.; also, ^a : ^b is- called the sub-duplicate^ i/ a i 
^ b the sub-triplicate, &c. 

(68.) If each antecedent in the simple ratios be the same as the con-> 

sequent in the preceding, as a : ^,. 6 : r, c : (/, then the compound ratio,. 

bed d 
abc, &c. . bed, &c. is evidently the same as a : (/^ because ~j~^ — > 

d being supposed here to be the last consequent. The ratio also evi- 
dently continues the same if each term be either multiplied or divided 
by any quantity. 



ON ARITHMETICAL PROPORTION AND PROGRESSION. 

(69.) If there be four quantities, such,, that the difference of the first 
and second is the same as that of the third and fourth, these quantities- 
are said to be in arithmetical proportion. 

(70.) If there be any number of quantities, such, that the difference 
of the first and second, of the second and third, of the third and fourth^ 
&c. are all equal, these quantities are said to be in arithmetical pro* 
gression, and the progression is said to be increasing or decreasing^ ac- 
cording as the successive terms increase or decrease. 

(71.) Theorem t. If four quantities "be in arithmetical /jropor^iow,. 
the sum of the extremes is equal to the sum of the means. 

For let a, b, c, d, be in arithmetical proportion ; then b — a = </ — e;- 
&di\a -^ cio each side of this equation, and there results b -^ asza-^d. 

Theorem 2. If three quantities be in arithmetical progression, the 
sum of the extremes is equal to twice the mean. 

For let a, b, c, be the three quantities ; then b — a=z c — b; add b 
-^ aio each side of this equation,, and there results 2i^a -\- c. 
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Theoreh 3. In any series of quantities in arithmetical progression, 
the sum of the two extremes is equal to the sum of any two term» 
squally distant from the extremes ; or it is equal to twice the middle 
term, when the number of terms is odd. 

For let a be the first term in the series, and d the common difference ;. 
then, if the series be increasing, it is a, a-\-dy a ^ 2d, a -^-Zd, a -|- 4<^, 
^c, in which, if the first and fifth be considered as extremes, we have 
a + (aH-4rf)=:(a+d)H-(a + 3<0 = 2(aH-2rf)5 

and the same maybe shown for any gpreater number of terms y os also when 
the series is decreasing. 

Theorem 4. In any increasing arithmetical progression, the last 
term is equal to the first term plm the product of the common differ- 
ence,.and number of terms hsi one ; but if the progression be decreasing,, 
tiien the last term is equal to the first term minus the same product. 

Let a be the first term,, and d the common difference ; then the hicreas- 
rng series is a, a -f* <2, a-\-2df a-\- Zd, <fec., and the decreasing series is 
ay a —d, a — 2ef, <r — Sd, <fec., where it is obvious that any term in the 
first series consists of the first term a, plus as many times d aaaie equal 
to the number of terras preceding the proposed term ; and any term in the 
second series consists of the first term a, minus as many times d as are 
equal to the number of terms preceding ; therefore the nth term of the 
former series is a + (it — 1) rf, and of the latter a — (» — ) y. 

Theorem 5. The sum of any series of quantities in arithmetical 
progression is equal to the sum of the extremes multiplied by half the 
number of terms. 

Let a -h (a + <0^ -f (a + 2rf) + (a H^ 3rf) + «fec. be the progression ; 
then, if the number of terms be represented by n,. the last term will be 
a -\- (« — \)d (Theo.^ 4) ; and therefore, by reversing tbe terms, the 
same series may be written thus,. 

fa-h (n- ly} + [a+ («— 2)4 + {a+(n—3)d] + 

{a + (n—n)d}y 

imd adding this series to its equal, as expressed above, 

[2a -I- (« — lyi + t2a-H(«--l)4-h{2a-|-(» — l)rf}' + 

{•2a + (n — })d =. 

twice the sum of the progression; and as there must be n terms in this 
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last, as well as in the proposed series ; and since each term is 2a -f~ 0^ — 
1 )rf, ... twice the sum = « {2a -\- (n — l)d\ ; and the sum = i« {'2a -\- 
{n — i)d} ; that Is, the expression for the sum S is 

S = §« {2a + (w — l)rf} 

or S = J» {a -}- last term} 

and this formula is obviously quite sufficient to enable us to determine 
any one of the quantities a, d, n, S, or last term, when the others are 
given. 

EXAMPLES. 

1. Required the sum of 10 terms of the progression ], 4, 7, 10, <&c. 
Herea = l, rf = 3, «=10, and /(last term) = a-|- 9rf^ 28; 
n(a-\-l) 



2 



= ajo = 145, the sum required. 



2. The first term of an arithmetical progression is 14, and the sum of 
eight terms 28 : What is the common difference ? 

Here the given quantities are a = 14, n r=8, and S = 28. Hence, 
making these substitutions in the general expression for S, we have 

28 =4{28 -h 7fl?} = 112 + 2Sd 

, 28 — 112 

.-.«?= = —3; 

2*» 

therefore the common difference is — 3, and, consequently, the series is 
U, 11, 8, 5, ifec. 

3. An arithmetical series consisting of six terms has 8 for the first term, 
and 23 for the last : Required the intermediate terms ? 

The expression for the last term /is / = a -j- (/i — !)</, and in tlie 
question, a, /, and n are given to find d'y that is, we have the equation, 

23 g 

23 = 8 + 5rf.-.</= ;r- = 3; 

hence, the first term being 8, and the common difference 3, the series must 
be 8, 11, 14, 17, 20, 23, where the four intermediate terms are exhibited. 
In this manner we may insert any proposed number of arithmcticcU tneans 
between two given numbers. 
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4. Required the sum of 100 terms of the series 1, 3, 5, 7, 9, <fec. 

Ads. 10000. 

5. Required the sum of a decreasing arithmetical series, whose iir8t 
term i^i 12, and the common difference of the terms §. 

Ans. 150. 

6. Required the sum of 25 terms of an arithmetical progression, whose 
rst term is I, and the common increase of each term §. 

Ans. 162^. 

7. Insert three arithmetical means between f and }. 

The means are |> -j^) ^. 

8. The first term of an arithmetical series is 1, the number of terms 

23. What must the common difference be in order that the sum may be 

149i? 

Ans. ^. 



GEOMETRICAL PROPORTION AND PROGRESSION. 



PROPORTION. 

(72.) If there be four quantities, such, that the ratio of the first and 

sei'ond is the same as that of the third and fourth, these quantities are 

b d, 
said to be in geometrical proportion : Thus, if — = — then a, by c, 

Cm V 

dy are in geometrical proportion, and this proportion is represented 

thus, a : 6 :: c : (/, which is read a is to b as c to d, or as a is to b so is 

c to d. 

, b d b^ d^ 
Hence, since if — = — , — = — , then a» : ft* :: c» : rf*; that is, if 

four quantities be proportional, then the same powers or roots of the four 
quantities are also in proportion. 

f73.) Theorem 1. If four quantities be proportional, the product 
of the extremes is equal to that of the means. 
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b d 
Let a, b, c, d, be the proportionals, then — ^ — ; multiply each side 

a c 

by aCf and there results be = nd. 

TuEOREM 2. If the product of two quantities be equal to the pro- 
duct of two others, then a proportion may be formed of the four 
quantities. 

Let qnszpsi then, dividing each side by rp, there results -^ ;= — i 

P T 

»-•, p: q ::r is. 

Theorem 3» If four quantities be proportional^ they are also pro- 
portional when taken inversely; that is, when the consequents are made 
antecedents, and the antecedents consequents. 

For if a: b :: c : d, then (Theor. 1) nd ^ be, and, consequently^ 
(Theor. 2) b : a :: d : ei 

Theorem 4. If four quantities be proportional, they are proportional 

also when taken alternately ; that is, the first is to the third as the 

second is to the fourth. 

b d c 

Tor it a : b:: e : d, then — = — ; and multiplying by -7-,. there results 

a c a 

c d . , 

— = — -, ,\ aieiib :d. 
a b 

Theorem 5. In any proportion, the first term is to the second plus 
or minus m times the first, as the third is to the fourth plus or minus m 
times the third .^ 

,.* ^*u*. '^ , b±am d±em. 

Let — = — ;; then — ± m = — ± m, or = — = — r 

a c a c a c 

that is, a : A ± am : : c ; rf ± cm. 

Corollary 1. Also^ since ai c :; &±a»i:rf±cwt (Theo. 4)) .*. 

c rf i cm c d 

— = r~, > ^^* — =="r '''b'. d :: b ^am: d±, em, and b :b ± am 

a o db o-^ (to 

:: d : d ± cnt't that is, the second term is to the second plus or minus m 
times the first, as the third is to the third pltis or mmus m times the fourth ; 

, , d -\- em d —cm 

also, since r— =7 > .*. 6 -j-aw : rf-f owi :: b^am : d ^cm* 

b -\- am b — am 
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Cor. 2. And if m be taken = ] , we shall then have 

aibdta:: ciddtic, and A:6±a::</:rf±c5 
likewise^ 

i-|-a : rf + c :: b — a : d — c, or b -{- a : b — a :: d -{-e : d -- c, 

that is, the sum of the two first terms is to their difference as the sum of 
the two last to their di£Eerence. 

Theorem 6. In any number of proportions, if all the corresponding 
antecedents and consequents be respectively multiplied together, the 
resulting products will be in proportion; 

— = — OT a: b :: c: d 
a c 



Let < 



~~~ SS •^~" »%a € » J »• g • /• 
^ g 



4&C. <&c. <&c. 
Then, multiplying the corresponding sides of the above equations together, 
we have 

b/k, <fec. dhm, <fec. 

- — = , or 

aei, (fee. cgl, <fec. 

aei, <fec. : bfk, <fec. : : cgl, <fec. : dhm, <fec. 

Theorem 7. In any number of equal ratios, as one antecedent is to 
its consequent, so is the sum of all the antecedents to the sum of all the 
consequents. 

Let the ratios be — := — = — = &c. : Put — = y ; 

ace a ^ 

then b s= aq, d = cg, /=^eg, &c., and, by adding these equations toge- 
ther, b-^- d +/-}- &C. = aq '\' cq -^^ eq -\- <fec. 

^q{a-\-C'\-e-^&c.)9 

ft+d4-/H-<fec. b d ^ 

a -|- c -}- c -}- &c. a c 

a:A::a-}-c + ff-}- &c. : * + «?+/-}- <fec. 

Cor. 1. Hence, in any number of proportions, where the ratio of the 
two first and two last terms are respectively tlie same in each, the sums 
of the corresponding terms are in proportion. 
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Cor. 2. Hence, also, in two proportions of this kind, if the terms of 
one be subtracted from the corresponding terms of the otiier, the re- 
mainders will be in proportion ; since the results are the same as if 
each of the terms subtracted were multiplied by — 1, and added. 

Cor, 3. Therefore, in any number of proportions, having tbe same 
equality of the ratios, if the corresponding terms of some be added, and 
those of others subtracted, the final results will still be in proportion. 

Theorem 8. In any number of proportions, if the sum or difference 
of the first and second terms, as also of the third and fourth, be respec- 
tively the same in each, then the sums of the corresponding terms are 
also in proportion. 

Let tbe proportions be 

a : b :: c : d 
€ :/:: g: h 
i : k :: I :m 

<feC. 4&C. 4&C. i%C. 

then, by Theorem 5, Cor. 2, 

b ±: a: d dc :: a: c 

f± e:h ± g::e:g 

k -^ i \ m ±: I xi i : I 

4&C. <&c. <&c. 

Now, if the first and second terms, in each of these proportions, be 
respectively the same, then the ratio of the third and fourth terms will 
be the same in all ; but (Theor. 4), 

a : c '.'. b '. d 

€ '. g :i f \ h 

i : I :: k : m 

&c, <&c. <&c. <&c. 

.*. Theorem 7, Cor. ), 

fl-f e-hi-f&c. :c + g-\-l-\-iSiC.:: A-f /-f A: -f- <fec. : c? -f A -|- 

m -\- <fec. 
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or (Theorem 4), 

a-f-<?-hi + «fec. : 6-}-/ + Ar + «fec. ::c + ^4-/ + «fec. irf + AH- 

m-\- <fec. 

SchoL Corollaries similar to the two last of Theorem 7 may evidently 
be deduced from this theorem. 



PROGRESSION. 

(74.) A GEOMETRICAL PROGRESSION is a series of quantities, such, 
tliat the quotient of any one of them, and that which immediately 
precedes, is constantly the same ; that is, each is in the same constant 
ratio to the next following, throughout the series. 

Thus, the following is a geometrical progression, in which a is the 
first term, r the constant ratio, and n the number of terms : 

a, ar, at^, ar^, ar*, at*, at^ . , . . ar^"^. 

From the bare inspection of this series, the following properties are 
obvious : 

1. Tf any two terms be taken as extremes, their product is equal to 
any two terms equally distant from them ; or, if the number of terms 
be odd, the product of the extremes is equal to the square of the middle 
term ; and hence a geometrical mean between two quantities is equal 
to the square root of their product. 

2. The last term in any geometrical series is equal to the product of 
the first term, and that power of the ratio which is expressed by the 
number of terms, minus 1 . 

(75.) Problem. To find the sum s of any number of terms in a 
geometrical series. 

Let s = a + ar + ar^ -}- ar^ -\- ar* -|- , . . . ar*— ' ; 
then multiplying each side by r, there results 

■r = ar -f- ar^ + ar^ + ar* + ar^ + . . . . ar*—^ + ar* ; 
and sabtracting the first equation from this, we have 

a(r» — 1) 



ar — s =: ar* — a, whence s = 



r — 1 
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or if the last termy ar^*^^, be represented by /, we have, by sabstitation, 

rl — a 

s= -. 

r — 1 

Wben, however, r is a proper fraction, and the series, which will then be 
a decreasing one, goes on to infinity, then the last term obviously becomes 
; and the expression for the sum is 

a 

s^ 



1 — r 
Hence this rule : 

(76.) Multiply the last term by the ratio, and divide the difference 
of this product and the first term by the difierence between the ratio 
and unity ; observing that in an infinite decreasing series the last term 
= 0. 



EXA.MPLES. 

1. Required the sum of 9 terms of the series 1, 2, 4, 8, 16, &c. 

Herea = l, r = 2, and« = 9, .•. ar»^> = 2" = 256 = the last term j 

256 X 2 — 1 

consequently, ~ ; =: 511, the sum required. 

2 — 1 

2. Required the sum of the series 1, jtt h h -hf ^^* continued to 
infinity. 

Here a =: 1 , r = |, and .*. -z r- ^ 2, the sum required. 

3. Given the first term 3, the last term 768, and the number of terms 
9, to find the common ratio. 

Here a = 3, / := 768, and n = 9, and the general expression for ths 
last term being ar^—^, we have, in the present case. 



768 



= 3r« .-. r=256* = 2; 



hence the intermediate terms of the series are 6, 12, 24, 48, 96, 192, and 
384 : and in this way may any number of geometric means be interposed 
between any two given extremes, 

4. Required the sum of 10 terms of the series 9, 27, 81, 243, <fec. 

Ans, 265716. 
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6. Required the sum of the serieB 1, — i, i, — i, ^, — jj, (fee. con- 
tinaed to infinity, 

Ans. }. 

6. Required the sum of 1, |, }, ^, <fec. continued to 10 terms. 

Ans. l^Mti,. 



7. Required the sum of 6 terms of the series 1 — 1 + ^— fi + ^c, 

Ans. Ij^. 

8. It is required to insert three geometric means between | and }. 

Ans. The means are i »J\, \, and | »^l, 

9. Required the sum of the series \ •\ 1 — = •\ — - -f dkc. to Infinity. 

Of or Or '' 



Ans. 



0?— 1 



] 0. Insert three geometric means between the extremes 4 and 324. 

Ans. 12, 36, 108. 

11. Suppose a body to move eternally in this manner, viz. 20 miles the 
first minute, 19 miles the second minute, 18j^ the third, and so in geome- 
trical progression. Required the utmost distance it can reach. 

Ans. 400 miles. 



HARMONICAL PROPORTION. 

(77.) Three quantities are said to be in harmonical proportion, when 
the first has the same ratio to the third, as the diiference between the 
first and second has to the difierence between the second and third. 

(78.) And four quantities are in harmonica] proportion, when the 
first has the same ratio to the fourth as the diiference between the first 
and second has to the difierence between the third and fourth. 

Thus, the quantities a, b, c, are In harmonical proportion when a : c 
:: a-^ b : 6 — c; and a, b, c, d, are In harmonical proportion when a : d 
:: a — b : c^^d* 
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(79.) From these definitions it follows, that in three harmonica! 
proportionals, a, b, c, any two being given, the third may be found ; 

For, since a : c i: a — bib — c, ,;ab — (ic^=ac — be, 

or ab '{' bc=i 2ac ; 

2ac 
... 4-s — — . 

o -f- c 

that is, a harmonical mean between two quantities is equal to twice 
their product divided by their gum. 

ab 

Also, c = = a third harmonical proportion to a and b, 

2a— b 

(80.) In a similar manner, if any three out of four harmonical pro- 
portionals, a, 6, c, d, be given, the other may be found ; for since 

aid:: a — b:c — d, ,•, ac—^ ad=iad — W; 
and from this equation we get 

, 2ad — ac 2ad — bd , ac 

j^ _ ; c= ; «=: 



a ' 2a — b 



(81.) QUESTIONS IN WHICH PROPORTION IS CONCERNED. 

QUESTION I. 

Find a number, such, that if 3, 8, and 17, be severally added thereto, 
the first sum shall be to the second as the second to the third. 
Let X be the number ; 

then d? + 3:a?-|-8:;«-}-8:a:-|-17; 

and by Cor. 2, Tbeor. 6, Art. 73, we have 

i:-f3:5::x-f8:9, 

.-. (Theor. 1, Art. 73), 9a? + 27 = 5x -f 40, 

or 4x=l3 

.*. X = ^ = 3^, the number required. 
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QUESTION II. 

A person bas British Mrine at 58, per gallon, with which he wishes to 
mix spirits at 11«. per gallon, in such proportion, that by selling the 
mixture at 9«. a gallon, he may gain 35 per cent. What is the necessary 
proportion ? 

Let the proportion of the wine to the spirits be as x : y ; 

then 5f -f- 1 ] 1/ := prime cost oi x -\-y gallons, 

and 9x -f- 9y = selling price . . . • , 



... 4a; — 2y:= profit ; 

and by the question, 

5x4-lly : 4ar — 2y :: 100: 35 :: 20 : t (Art. T2) ; 

.-. (Theo. 1, Art. 73), 80x — 40y = 35x + T7y, 

or 45f = 117y; 

.*. 5«:= 13y; 

whence (Theor. 2,) x : y : : 13:5; 

.'. the mixture must be at the rate of 13 gallons of wine to 5 gallons of 
spirits. 

QUESTION III. 

A merchant having mixed a certain number of gallons of brandy and 
water, found, that if he had mixed 6 gallons more of each, there would 
have been 7 gallons of brandy to every 6 gallons of water ; but, if he had 
mixed 6 gallons less of each, there would have been 6 gallons of brandy to 
every 6 gallons of water. How much of each did he mix ? 

Let X be the number of gallons of brandy, 

y the number of gallons of water ; 

r «-f 6 : y-^-Q :: 7 : 6 
then, by the question, \ 

^x—Qiv — Qw 6: 5 



,'. (Theorems), a? : y :: 13 ; 11 (A); 



96 QUESTIONS IN PEOPORTIOH. 

also by the first proportion (Th. 6), x — y : 1 : : x -f 6 : T 
and by the second x — y : 1 : : x — 6 : 6 



.•• (Theor. t), * — 6 ; 6 :: 2x : 13 

and (Theor. 1 ), 13x — 78 = 12x, 

.-. x=78; 

also by substitution (A), 78 : y : : 13 : 11, 

whence 13^ = 8^8 

.-. 3/= 66; 

consequently, the mixture consisted of 78 gallons of brandy, and 66 of 
water. 

A much simpler solution to this question may be obtained as 
follows. Instead of representing the number of gallons of brandy by 
X, and the number of gallons of water by y, represent these quantities 
by 7x — 6, and 6x — 6, respectively, by which artifice the first condi- 
tion in the question is at once fulfilled; so that we have only to express 
the second, viz. 

7x — 12 : 6x — 12 :: 6 : 5 

or X : 6x — 12 : : 1 : 5, 

whence 6x^6x — 12 .*. x=12; 

.*. 7x — 6^78 gallons of brandy, 

and (hff — 6 == 66 gallons of water. 

This neat solution is given in the American edition of this work, 
published by Mr. Ward, of Colombia College. 

4. A corn-factor mixes wheat which cost 10^. a bushel with barley 
which cost is, a bushel, in such proportion as to gain 43f per cent, by 
selling the mixture at 11«. a bushel. What is the proportion? 

Ans. There are 14 bushels of wheat to of barley. 

d. It is required to find a number, such, that the sum of its digits is to 
the number itself as 4 to 13 ; and if the digits be inverted, their difference 
will be to the number expressed as 2 to 31. 

Ans. 39. 
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6. At a certain instant, between five and six o'clock, the hour and 
minute hands of a clock are exactly together. Required the time. 

Ans. 27 minutes 16^ seconds past 5, 

7. Required two numbers, such, that their sum, difference, and product, 

may be as the numbers 3, 2, and 5, respectively. 

Ans. 10 and 2. 

8. There are two numbers in the proportion of | to }, and such, that 
if they be increased respectively by 6 and 5, they will be to each other as 
I to ^. What are the numbers ? 



9. A person has some choice brandy at 40«. Qd» per gallon, which he 
wishes to mix with other brandy at 36«. a gallon, in such proportion, that 
the compound may be worth 39«. Qd. a gallon. What must the pro- 
portion be? 

Ans. 7 gallons of the best to 2 gallons of the other. 

10. Find two numbers, such, that their sum, difference, and product, 
may be as the numbers s, d, and p, respectively. 

Ans. — T-—r and ^ 



8 -\' d 8 — d 

11. A hare is 50 leaps before a greyhound, and takes 4 leaps to the 
greyhound's 3 ; but 2 of the greyhound's leaps are as much as 3 of the 
hare's. How many leaps must the greyhound take to catch the hare ? 

Ans. 300. 

12. If three agents, A, B, C, can produce the effects a, b, c, in the 
times e, /, g, respectively; in what time would they jointly produce the 
effect d ? 

Ans. d-^{^+j+j), 

13. The sum of the first and third of four numbers in geometrical pro- 

ppression is 148, and the sum of the second and fourth is 888. What are 

the numbers ? 

Ans. 4, 24, 144, and 864. 

14. j4 and B speculate in trade with different sums. A gains 150/., 

B loses 50/. ; and now jfa stock is to ^'s as 3 to 2 ; but, had A lost 

50/. and B gained 100/., then A*a stock would have been to B*b as 5 

to 9. What was the stock of each ? 

Ans. A'a was 300/. and B*s 350/. 

F 
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CBAVTBIt IV. 

ON QUADRATIC EQUATIONS. 



ON QUADRATICS INVOLVING ONLY ONE UNKNOWN QUANTITY. 

(82.) A Quadratic, as has been already defined, is an equation 
that contains the second, but no higher power of the unknown quantity 
or quantities. 

(83.) Quadratic equations, involving but one unknown quantity, 
are therefore either of the form 

±ax^±b=z±c, 
or a: ax* ± 6ar ± <? = ± rf ; 

and accordingly, as they come under the first or second of these forms, 
they are said to be Pure Quadratics, or Adfected Quadratics. 

(84.) The solution of a Pure Quadratic is obviously a matter of 
but little difficulty ; for, since it contains but one unknown term, ± as*, 
if this term be made to stand by itself on one side of the equation, and 
the known terms on the other side, then the division of botli sides by 
± a will evidently produce an equation expressing the value of x*; 
and the square root of this value must give that of j-. 

We shall therefore proceed to 

adfected quadratic equations. 

(85.) Let i: flj:* ± 6j: ± c = ± rf be an adfected quadratic equation, 
then, by transposing and dividing by ± a, it becomes 

«*± -r * = — ZT"' 
a ± a 
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If ±rf=Fc . . 

or, putting p for — , and ± g for , it is 

■^ a ±a 

Add now the square of ip to each side of this equation, and there 

results 

x*±px-\-ip*=^±q + ip\ 

where it is readily perceived that the first side is a complete square, 
viz. (j- ± jipy ; consequently, if the square root of each side be extracted, 

we obtain .r ± i|)= ± ^ ±q +ip' (the double sign ± being placed 
before the radical, because the square root of a quantity may be either 
-|- or — )* ; hence it appears that 

(86.) The above general values of x evidently include every possible 
case, from which separate formulae for each distinct case are readily 
obtained, and are as follow : 

In equations of the form, 



s + 

(.or — 



X* — px:=q, x^< 

(.or— V 5-+ ip* + hp, 

x'+;?x = — y, x = < 



c» — px = — .y, X=< 

^ or — V — 



y -I- ip' + iP» 



q-^ip^ + ip* 



* Conformably to the general practice, whenever the extraction of the 
square root is represented, the double sign ± is uniformly placed before 
the radical ^, although it might be dispensed with. For, since the square 
root of a quantity is admitted to be either plus or minus, the symbol ^ 
does virtually contain the double sign : its insertion, however, always 
reminds the student of this. 

t These general expressions for of may also be obtained as follows : 
having reduced the proposed equation to the form x'* ±. px^±: q, as 
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(87.) In the two last forms, if ^ be greater than Jp*, then >/ — q -}- J/)* 
will be impossible, being the square root of a negative quantity; so if 
one value be impossible, the other is impossible also. 

From the above formulae* the value of the unknown, in any par- 
ticular example, may be obtained by substitution ; or the operations to 
be performed may be expressed at length as follow : 

(88.) Bring all the unknown terms to one side of the equation, and 
the known terms to the other ; 

Divide each side of the equation by the coefficient of the unknown 
square, if it "have a coefficient ; 

Add the square of half the coefficient of the simple unknown to 
each side of the equation, and the unknown side will then be a 
complete square ; 

Extract the square root of each side, and from the result the value of 
the unknown quantity is immediately deducible. 



above, let us proceed actually to extract the square root of the first side. 
The process is as follows : 

*.2 



it is obvious, from this, that the proposcKJ expression is not a complete 
square, being indeed deficient by the quantity \p^. If, therefore, we add 
this quantity to each side of the equation, and then extract the square 
root, we shall have, as above, 

x±ip=±^ ±q + ip^. 

* Any general rule, expressed in algebraical language, is called a 
formula. 
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EXAMPLES. 

1. Given x' -|- 6d? -|- 4 =: 59, to find the values of x. 
By transposition, x* -|- 6x = 66, 

and completing the square, x^ -{• Qx ^ 9 ^ 64 ', 
.-. extracting the root, x -|- 3 = ± >/64 = ± 8 ; 

whence x s= 5, or — 11 . 

2. Given 2x« + 12x + 36 = 356, to find the values of x. 
By transposition, 2a^ -f ^^^ = 3^0 ; 

or dividing by 2, x'-^ 6j?=160, 

and completing the square, o^ -(- 6^ + 9 = 169 ; 

.'. extracting the root, a? + 3 =r ± >/T69 ;= ± 13 ; 

whence a? = 10, or — 16. 

3. Given IOa"* — 8a? + 6 = 318, to find the values of a. 
By transposition, lOa?* — 8^ = 312 ; 

or dividing by 10, x* — |a? = * J«, 

and completing the square, •^ — fa? + ^ = "^ ; 

.-. extracting the root, « — | = ± ,^T^ = ± ^ ; 

whence x = 6, or — 5^. 

4. Given 4x = h 46, to find the values of a?. 

a? 

Clearing of fractions, 4a?* = 36 — a? + 46a? = 36 -|- 45a? ; 
and by transposition, 4a?* — 45a? = 36, 

ora?« — Vjr= ^y 
and completing the square, iP» - 1?a? + (V)'= » + (V)* = *iS' J 

.-. extracting the root, a? - V = ± VW = ± V > 

whence a? = 12, or — f . 



102 QUADRATIC EQUATI0V9, 

5. Given 5x — = 2* -|- — s — » ^ ^'^ *^® values of x. 

J? — 3 2 

Clearing of fractions, 

10i« — 36x + 6 = 4t« — 12i:+3«*— 15j?-|- 18; 

and by transposition, 3j?* — 9x = 12, 

or jr' -- 3j? s= 4 ; 

and completing the square, 4^ — 3x-|-i = 4-^{ = ^; 

.*. extracting the root, a? — J = ± v^^ = ± J ; 

whence d? = 4, or — 1. 

Dividtagb, i.. ^ + ^=1; 

and clearing the equation of fractions, 

8x -f 32 + 8a? — 24 = 9ff« + 9* - 1 08 ; 
.•.by transposition, 116 =9i* — 7a?, or rather 9a?' — Ta?= 1 16, 

... a:«-Ja? = »i6; 
and completing the square, 

.*. extracting the root, a? — -j^ = ± n/ sW ^ ± fi > 

whence a? = 4, or — y . 

7. Given >/(4 -|- a?) (5 — - a?) = 2a? — 1 0, to find the values of a*. 
Squaring each side, 20 + a? — a?* = 4^?* — 40x -|- 100 ; 
and by transposition, 5a'* — 41a? = — 80, 

... a?« — V* = — 16, 

and completing the square, 

^-'8* + (tt)' = -J6 + («)' = 
.'. extracting the root, a? — ft = ± V-^ = ± "ft 5 

.•. » = 5, or ft = 3^. 
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/ n/tjp* 4- 36* 

8. Given v 3d? — 5 = , to find the Talues of x, 

Squarmg each sidei 3* — 5 = 4 = 5 

and, multiplying by *, 3** — 5^ =i 7x -f 36 ; 
or, by transposition, 3x* — 1 2x = 36, 

... 4P«— 4x=12; 

and completing the sqnare, :^ — 4jc -f 4 = 16 ; 
.*. extracting the root, x — 2 = ± 4 ; 

whence d7 = 6, or — 2. 

9. Given Sx* + 6 =s 7x + 171, to find the values of x. 

Ans. £=5, or — 4^. 

1 0. Given 3x* = 42 — 5ff, to find the values of x . 

Ans, X = 3, or — 4f . 

1 1 . Given 4x == 46, to find the values of x. 

X 

Ans. x= 12, or — f . 

6r2x — 11) 

12. Given — ^ --^ + d?— 2 = 24 — 3x, to find the values of x. 

X — 3 

Ans. x = 6, or \. 

120 90 

13. Given - — -— - -^ = 42, to find the values of x. 

6X +1 X 

5 
Ans. d?:=3, or — — -• 

21 

14. Given x» + (19 — x)'= 1843, to find the values of x. 

Ans. X = U, or 8. 

15. Given 325 + x : x : : 245 -|- x : 60, to find the values of x. 

Ans. x = 75, or — 260. 

16. Given -— - (— — 1 ) ^ -: r-* to find the values of x^ 

2 ^2 '4 2' 

Ans. X = 16, or — '5f. 
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17. Given {34 — (x — 1) 3 } ^ = 5T, to find the Talues of x. 

Ans. x = 6, or6J. 

10 14 2x 

18. Given — = ?, to find the valued of x. 

OB OC^ 

Ans. X ^ 3, or f^. 

yfi — 10y2 4- 1 

19. Given ^ — "^ / =y — 3, to find the values of y. 

Ans. y = l, or — 28. 

«« ^. 6x« — 23x+ 10 

20. Given ^_^ = — 7x + 42, to find the values of x. 

Ans. 07= 1]]^, or 4. 

>/^ — 3 

21. Given x H ^ =8, to find the values of*. 



Ana. x=:9^, or 7. 



X3 



22. Given 2x -f =2x(j + 1), to find the values of*. 

V 2x* — 3x« 

Ans. X = f -|- ""x~* ^' * Z~ 



23. Given ^4H->/2r»4-ar»=: '^'^^ , to find the values of *. 

Ans. *= 12, or 4. 

24. Given x' + x' = 6x^, to find the values of x. 

Ans. x=:2, or — 3. 

25. Given vx^ — tt'= x — 6, to find the values of *. 



b ^ I 4a» — fr> 
Ans. X = —- ± ^ — -— — 
2 N }2b 



26. Given -^-i-? H ^ =*, to find the values of x".* 

•r X + a 



Ans. x=:-{~l±v^^-^}. 



(f 4- a 
• By putting y for , this equation will take the more simple 



form y-i = 6. 
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27. Given v^ a + x -j- */ 6-j-x = */«-}-* + 2d?, to And the values of x, 

Ans. » = — a, or — ^. 



28. Given ^je f- ^J 1 = «, to find the values of x, 

X X 

Ans. x= \ ± i V5. 

12 -^ S /« 

29. Given x — "^ — ^ — = 0, to find the values of x, 

X — 6 

Ans. a- = 9, or 4. 

30. Given x -j- ^Jx : x — ,^x : : 3 /y/x + 6:2 ,jxf to find the values 

oi X. 

Ans. 9 or 4. 

(89.) Every equation, containing only two unknown terms, may be 
reduced to a quadratic, provided the index of the unknown quantity 
in one term be double its index in the other ; for, by putting y for the 
lowest power, or root of the unknown, y^ will be the highest; so that 
the equation will become a quadratic. 

EXAMPLES. 

n 

1. Given i» — 2aj^= h, to find the values of x. 

n 

Completing the square,* of* — 2a*'* -j- a' = o' -j- 6 j 

n 

.'. extracting the root, x^ — a = ± v a' + b-, 
.-. x= (a ± Va* + by. 

2. Given x-f5 = >/d? + 5 + 6, to find the valuer of x. 
Putting V d? + d=y> the equation becomes y' = y -|- 6 j 



* The actual substitution of y for the unknown term is not necessary, 
unless it have a compound form, in which case the substitution will often 
considerably contract the operation, and render it free from that complex 
appearance which it would otherwise exhibit. 

f3 



106 QUADRATIC EQUATIOl^S. 

or, by transposition, y» — J/ = 6, 

and compieting the square, y* — t/ + ^ = 6-f-^ = ^; 

.'. extracting the root, y — i = ± v^^ = ± f, 

or y =r 3, or — 2 ; 

.-. ar + 5(=y«) = 9, or4, 

and X ^ 4, or — 1 . 

3. Given */a?4-2i + i/x +21 = 12, to find the values of x. 

Putting V X -|- 21 =y, the equation becomes ^ -f- y = 12 ; 

and completing the square, y* + i/-|-J = 12-|-| = <f; 

.'. extracting the root, 2/ 4- i = ± J ; 

.-. y = 3, or — 4; 
and x-j-21 (=i/<) = 81, or 256 ; 

.•. x = 60, or 235. 

4. Given 2ap« + 3« — 5 n/2«« + 3x -|- 9 = — 3, to find the values of x. 

Adding 9 to each side, 2«« + 3* -f 9 — 5 >/2r» + 3x -|- 9 = 6 ; 

and putting v 2i:^ + 3d? + 9 =y, the equation becomes 

y» — 5y = 6; 
.-. completing the square, j/* — 5y-|-«f = 6 + V = 1f; 

and extracting the root, y — J = ± J ; 

.*. 2/ = 6, or — 1 : 
and taking y = 6, 2j?» + 3x + 9 (= f) = 36, 

or i*-|- Ja?=y; 

and completing the square, «« -f ^x -|- ft = 'f + ft = W 5 

.•. extracting the root, a: + 1 = ± ^ j 

whence « ^ 3>'or — | : 
or,takingy = — 1, 2x« + 3x + 9 = l; 
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or x' -j- 1* = — 4 ; 

— 65 
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and completing the square, «* -f- J^ + ■& = 



Id 



s/^66 
.•. extracting the root^ « + f=± : 

— 3 ± n/ — 65 
whence x = : ■ 



5. Given (2x + 6)i + (2* + 6)i = 6, to find the valaes of x. 

Ans. X = 6, or 37 1. 

^- ^*'®° (2x~4)« = * ■♦■ (2:r-l4r > ^"^ *"^ *^® ''*^''*' ""^ *"• 

Ans. X ^ 3, or 1 . 

7. Given 3^1 — |- 592 = 0, to find the values of x. 

Ans. x = 8, or — (V)^* 

8. Given (« + 12)i = 6 — (x + 12)i, to find the values of x. 

Ans. x:=4, or 69. 

9. Given x = , to find the values of x. 

a 

Ans. X r= ± a /y/ • 

10. Given xi — x=: 56x~i, to find the values of a. 

Ans. X = 4, or y49 

1 1 . Given 3*p* -f xi — 3104xi = 0, to find the values of x. 

97 6 
Ans. X = 64, or ( )5 . 

J2. Given [(2x + l)«4-x]« — x = 90 + (2a?+i)«, to find the values 
of jr. 

^ or — 2 J ' * 
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ANOTHER METHOD OF SOLVING QUADRATICS. 

(90.) Let the equation ajt* ± 6j: = c be multiplied by 4a, then 
4a^x^ ±4abx=^4ac, and if 6* be added to each side, the equation 
becomes 4a* j:* ^ 4abx + b^=:4ac + 6*; now the first side is evidently 
a square, = (2ax ± by, whence 

Hence the following rule : 

(91.) Having transposed the unknown terms to one side of the 
equation, and the known terms to the other, multiply each side by 4 
times the coefficient of the unknown square 

Add the square of the coefficient of the simple power of the un- 
known, in the proposed equation, to both sides, and the unknown side 
will then be a complete square. 

Extract the root, and the value of the unknown quantity is obtained 
as before.* 

EXAMPLES. 

1. Given Su^-^'dx — 8 = 34, to find the values of x. 

By transposition, 3i' -{• 6x^42; 

and multiplying by 4 X 3, or 12, 36r» ^- ooj = 504 j 

and completing the square, by adding 6*, 

36x* + 60x -f 25 = 529 ; 

.• . extracting the root, 6* -j- 5 ^ ± 23 j 

+ 23—5 
whence x= = 3, or — 4 J. 



* This method is taken from the Bija Ganita, a Hindoo treatise on 
Algebra, translated from a Persian copy by Mr. Strachey. For an 
account of this curious work, »3e Dr. Hutton's Tracts, vol. ii. page 162. 
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2. Given a^ -^ 6x -f- 4 = 22 — x, to find the valaes of x* 
By transpositibn, a^-^-lxz^lQ', 

and multiplying by 4, 4x^ + 28^ = 72 ; 

.*. completing the square, 4x^ -{• 2Hx -|- 49 = 121 ; 

and extracting the root, 2x -^ 7 = :f: 11 ; 

whence x= = 2, or — 9. 

3. Given 8x' — 7* -j- 6 = 171, to find the values of je. 
By transposition, Sj^ — 7x =: 105 ; 

and multiplying by 4 x 8, or 32, 256x3 — 224^* = 5280 ; 
.'. completing the square, 25607^ — 224^? -|- 49 = 5329 ; 
and extracting the root, Ida — 7 = ± 73 ; 

••• ^ = jg^— =5, or— V- 

/ 12 

4. Given Va? -|- 12 ^ . to find the values of x. 

V jf -f 5 

144 
Squaring each side, a? + 12 ^ — — -—: 

jf -f- 6 

and multiplying by r -j- 5, a?* + 17x -|- 60 = 144 j 

.*. by transposition, a?* -J" 17d? ^ 84 ; 

and multiplying by 4, 4x* + 68x = 336 ; 

.*. completing the square, 4jir* + 6Sx -(- 289 = 625 ; 

and extracting the root, 2a' -f- 17 = ± 25 : 

±25—17 ^ 

.*. a?= ^4, or — 21. 

2 

(92.) Itv^ill have been perceived, from the preceding solutions, that 
in equations of the form ax^ ±bxz=:c, where a is a small number, and 
in those of the form j:* ± pjr = 9, where p is odd ; this second method 
is more commodious than the former. One great advantage is, that it 
does not introduce Jractioru into the operation. It will be unneces* 
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sary to add any more examples illustrative of this method^ as those 
already given (Art. 88) will also suffice for this purpose. 

We may however here point out an obvious simplification in the 
process, which it would be worth while to attend to in practice. It 
appears, from the foregoing general formula, that any quadratic oj* ± 
6 J = c, is reducible to the simple equation 

which reduced form may in practice be written down at once from the 
proposed equation, without the aid of any intermediate steps : for, if 
we double the first coefficient in the proposed equation, we shall have 
the proper coefficient for x in the reduced equation; and if to the first 
term thus found we connect with its proper sign the second coefficient 
in the proposed, the first side of the reduced equation will be formed.* 
The second side will be had by multiplying the absolute term (that is, 
the second side,) in the proposed by four times the first coefficient, 
adding to the result the square of the second coefficient, and covering 
the whole by the sign of the square root. As an illustration, take 
Example 1, Art. 91, which, after transposition, is 

then, forming each side of the reduced equation as above directed, we 
get immediately 

6ic -j- 5 = ± n/i2 X 42 + 25, 

that is, 6a? -f 5 r= ± 23 ; 

.% azszS, or — 4 J. 

The second example, afler transposition, is 

.-. 2d? + 7 = ±*/4X 18-f-49 = ± 11 J 
.*. ^=:2, or — 9. 



* The more advanced student will at once see that this first side is the 
side of the Umiting equation to the proposed. 
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When the coefficients and absolute term in a quadratic equation are 
very large numbers, the solution may be more expeditiously obtained 
by the method explained in The Treatise on the General Theory and 
Solution of Equations of all Degrees, which forms a supplement to 
the present volume. 



(93.) QUESTIONS PRODUCING QUADRATIC EQUATIONS INVOLVING 

BUT ONE UNKNOWN QUANTITY. 



QUESTION T. 

Jt ifl required to find two numbers, whose difference shall be 12, and 
product 64. 

Let a be the less number ; 

then a-\-l2 \a the greater : 

also by the question, d? (d? + 1^) = ^t 

that is, d?«-f 12a? = 64; 
.-• completing the square, a;'^ -{- \2a} •{- B6 =s 100 -, 
and extracting the root, x -f- 6 = ± 10 ; 

.% af=± 10—6 = 4, or — 16: 
hence the numbers are either 4 and 16, or — 16 and — 4. 

QUESTION II. 

Having sold a commodity for 56L, I gained as much per cent, as the 
whole cost me. How much then did it cost ? 

Suppose it cost d7 pounds ; 
then the gain was 6Q — a? ; 
and by the question, 100 : a :: x : SH — x*, 

.-. ^ = 5600 — lOOxj 
or, by transposition, je^ -^ lOOx ^ 3600 ; 
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and completiDg the squarei s^ + lOOr -(- 2500 = 8100 ; 
.*. extracting the root, d? -(- 50 = ± 90 ; 

whence x = 40, or — 140 ; 
.*. the commodity cost 40/. : the other value of x is inadmissible. 

QUESTION III. 

A company at a tavern had 8/. \58. to pay; but, befbre the bill was 
paid, two of them went away, when those who remained had, in con- 
sequence, 10«. each more to pay. How many persons were in company 
at first ? 

Let X be the number; 

175 
then, is the number of shillings each had to pay at first ; 

X 

175 
and by the question, + 10 is the number each had to pay after two 

X 

had gone : 

... {^121. j^ 10) (ic - 2) = 175 ; 

X 

that U, "^"^ ~ ^^ + lOx - 20 = ITS ; 

X 

.-. 175j? — 350 + 10ar»=195x; 
or 10a-» — 20^ = 350 ; 
••. a?* — 2a: = 35 ; 
and completing the square, jj^ — 2a? -|- 1 = 36 ; 
.*. extracting the root, x — 1 = ± 6 ; 

whence, a? = 7, or — 5 : 
.'. there were seven persons at first. 



QUADRATIC EQUATIONS. 113 



QUESTION IV. 

A person travels from a certain place at the rate of one mile the first 
day» two the second, and so on ; and, in six days after, another sets out 
from the same place, in order to overtake him, and travels miiformly at 
the rate of fifteen miles a day. In how many days will they be together ? 

Let X be the number of days ; 

Then the first will have travelled « + 6 days \ 

•r 4- 6 
and (Art. 30, Theo. 5, chap. 2), (a: + 7) . — ^ — is the distance gone : 

also \5x is the distance the second travels ; 

and, .•. x» -j- 13d? -j- 42 = 30ac j 
or, by transposition, a^-^ltx^ — 42 ; 
and completing the square (Art. 91), 4.r* — 68x -f 289 =: 121 ; 
.•. extracting the root, 2d? — 1 7 = ± i 1 ; 

iiiH-i-r 

whence x = --^ = 14, or 3 : 

hence it appears, that they will be together 3 days after the second sets 
out, who will then overtake the first, and be overtaken by him again in 
11 days after, or 14 from the time of the second setting out. 



QUESTION V. 

A vintner sold 7 dozen of sherry and 12 dozen of claret for 50/., and 
finds that he has sold 3 dozen more of sherry for 10/. than he has of claret 
for 6/. Required the price of each. 

Let X be the price of a dozen of sherry in pounds ; 

then — ^ the no. of doz. of sherry for 10/. 

X 
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and by the question, 3 = — H — = of claret for 6/. 

10 — 3x 6x 

... -J — ; — — -_ ^Q price of a dozen of claret : 

X 10 — oX 

whence 7x 4- -r- :r- = 50 ; 

^ JO — 3a? ' 

or 70a? — 21 jj> + 72* =: 500 — UOa ; 

.*. by transposition, 292* — 21d7' = 500; 

or ar* — ffaf=: — ^', 

10S1 A 
and completing the square, x^—ffx-^- (\jf )« = —-5- ; 

.*. extracting the root, x — '^ = ± \jjj* ; 

whence x = 2, or 



.*. the price of a dozen of sherry was 21., and of a dozen of claret 

6x 
(= -77: r— =) 3/. If the other value of x be admitted, then the num- 

10 — oX 

her expressing the dozens of claret will be negative : it is therefore in- 
admissible. 



QUESTION VI. 

It is required to find two numbers, such, that their sum, product, and 
difference of their squares, shall be all equal. 

Let the numbers be represented by x and x -\'l, then one condition will 
necessarily be fulfilled for the sum, x -j- (x -j- 1), and the difference of the 
squares, (x -|- I)* — x% m® each 2x + I. We have therefore only to 
satisfy the remaining condition, that is, to solve the equation 

V-j-xs= 2x4-1, 

or, by transposition, 

1* — X = 1 ; 

hence 2x — 1 = ± v^4 -1-1 = ± «/5 ; 

.-. x = i ±»y5 > 

^ the numbers required. 



and x-|-l=§± J^5 i 
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7. It is required to find two numbers, whose sum shall be 14, snch, 
that 18 times the gpreater shall be equal to 4 times the square of the less. 

Ans. 6 and 8. 

8. Divide the number 48 into two such parts that their product may 

be 432. 

Ans. 36 and 12. 

9. Divide the number 24 into two such parts that their product may be 

equal to 35 times their difference. 

Ans. 10 and 14. 

10. What number is that which exceeds its square root by 48f . 

Ans. 56^. 

11. It is required to find two numbers, the first of which may be to the 
second as the second is to 16 ; and the sum of their squares equal to 226, 

Ans. 9 and 12. 

12. A person bought some sheep for 72/., and found that if he had 
bought 6 more for the same money, he would have paid 1/. less for 
each. How many did he buy, and what was the price of each ? 

Ans. The number of sheep was 18, and the price of each 4/. 

13. A merchant sold a quantity of brandy for 39/., and gained as much 

per cent, as it cost him. What was the price of the brandy ? 

Ans. 30/. 

14. In a parcel containing 24 coins of silver and copper, each silver coin 
is worth as many pence as there are copper coins \ and each copper coin 
is worth as many pence as there are silver coins ; and the whole is worth 
18«. How many are there of each ? 

Ans. 6 silver coins, and 18 copper coins ; 
or 18 silver, and 6 copper. 

15. A traveller sets out for a certain place, and travels one mile the first 
day, two the second, three the third, and so on : in 5 days afterwards 
another sets out, and travels 12 miles a day. How long and how far must 
be travel to overtake the first ? 

Ans. He must travel 3 days, or 36 miles. 

16. What two numbers are those, whose sum multiplied by their product, 

is equal to 12 times the difference of their squares ; and which are to each 

other in the ratio of 2 to 3 ? 

Ans. 4 and 6. 
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17. A person being asked his age, said, <<The number representing my 
age is equal to 10 times the sum of its two digits ; and the square of the 
left hand digit is equal to ^ of my age" Required the person's age. 

Ans. 20. 

18. Two partners, A and B, gained 18/. by trade. A'b money was in 
trade 12 months, and he received for his principal and gain 26/. : also 
B^a money, which was 30/., was in trade 16 months. What money did 
A commence with ? 

Ans. 20/. 

• 

19. The joint stock of two partners, A and B, was 416/. A*b money 
was in trade 9 months, and ^'s 6 months : when they shared stock and 
gain, A received 228/., and B 2521. What was each man's stock ? 

Ans. A*a stock was 192/., and JS's 224/. 

20. Requured the dimensions of a rectangular field, whose length may 
exceed its breadth by 16 yards, and whose surface may measure 960 
square yards. 

Ans. Length 40 yards, breadth 24 yards* 

21. The plate of a looking-glass is 18 inches by 12, and it is to be 
surrounded by a plain frame of uniform width, and of surface equal to that 
of the glass. Required the width of the frame. 

Ans. 3 inches. 

22. The difiference between the hypotenuse and base of a right-angled 
triangle is 6, and the difference between the hypotenuse and perpendicular 
is 3. What are the sides ? 

Ans. 15, 9, and 12. 

23. There are three numbers in geometrical proportion ; the sum of the 
first and second is 1 6, and the difference of the second and third is 36. 
What are the numbers ? 

Ans. 3, 12, and 48. 

24. It is found, by experiment, that bodies in falling to the earth pass 
through about 16^ feet in the first second of their motion, and it is known 
that the spaces passed through from the commencement of motion are as 
the squares of the intervals elapsed. Suppose, then, that a drop of rain be 
observed to fall through 595 feet during the last second of its descent, re- 
quired the height from which it fell ? 

Ans. 58041 feet. 
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ON QUADRATICS INVOLVING TWO UNKNOWN QUANTITIES. 

(94.) Equations containing two unknown quantities, in the form of 
quadratics, cannot be solved, generally y by any of the preceding rules, 
as their solution, in many instances, can only be obtained by means of 
equations of higher degrees: in several cases, however, their solution 
may be effected by help of the foregoing methods. These cases we 
shall now explain. 

(95.) When one of the given ^nations is in the form of a 

Simple ^nation. 

Find the value of one of the unknown quantities in the simple equa- 
tion, in terms of the other and known quantities, and substitute this 
value for that quantity in the other equation, which will then be a qua- 
dratic containing only one unknown quantity. 



EXAMPLES. 



1. Given | 2aj»— % + 3y«= 54 J' ^ ^^^ ^^ values of x and y. 



From the first equation, 



iJt .BIB , WUvUl/C *IJL .bib , 

andd?y=-^^^^^^— -; 

.'. the second equation becomes, by substitution, 

IOO-20y + y'_10y-y' 3 
2 2 

and clearing this equation of fractions, 

100 — 20y -f i,«— lOy + y' + ^y^ = 108 i 
and by transposition, 

8y» - 30y = 8, or y« - ^3/ = 1 } 
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.'. completing the square, 

and extracting the root, 

.•.y = 4, or— i, 
and <2^r= 3, or y. 



2. Given 



< 3 >, to find the values of x and y. 

(, 5xy:=:60) 



From the first equation, 

9-y 
* = -2-* 

45v — 5y^ 
hence 45y — 5y'= 100, or 5y* — 45y = — lOOj 

.•.y*-9y = -20; 
and completing the square, 

4/-36y + 81 = 1; 
.*. extracting the root, 

2y - 9 = ± 1 ; 

db 1 +9 
whence y = := 5, or 4 ; 



9— y 
and a = — — ^ ^ 2, or 2^. 

lOx + y 
3. Given 



/ ay >> to find the values of x and y. 

V. y— a: = 2 -^ 



From the second equation, 

y =d? + 2, 
and from the fir^t, 

lOx + 3/ = 3xy. 
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Sabstitating in this the value of y just found, 

.'.by transposition, 

3j:« — 5« = 2, 

hence (page 110) 

6x — 6 = ± V 24 4- 25 

.-. X = — - — = 2 or — *. 
6 ' 

consequently, y = j?-i-2 = 4orJ§. 
4. Given { ^ 1^ ^ ^J " '^''^^ } » to find the values of x and y. 
From the first equation, by transposition, 

and substituting for x, its value, 6 — y, as obtained from the second, we 
have 

(6-y)y-h4(6 — y)y = 96, 

or putting (6 — y)y = z, 

23 + 42 = 96; 

.*. completing the square, 

g«4.4s4-4 = 100; 

and extracting, 

8 + 2 = ± 10; 

.•. 8, orOy — y*, ^8, or — 12; 
.-. y« — 6y = -8, or 12; 
and completing the square, 

y' — fly + 9=1, or 21; 
.'. extracting the root, 

y — 3 = ± 1, or ± V21: 
whence y = 4, or 2 ; or 3 ± »y2\ ; and i( = 6 — y) = 2, or 4 ; 

or3 qp v'21. 



i 
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5. Given J '*' + ^ jj^ ( , to find the values of x and y. 

By squaring the first equation, 

x*» + 2j?»y» + y«» = o*, 
4 times the nth i)ower of the second, g^ves 

By subtraction, 

j*» — 2x»y» 4- y*" = o* — 4**. 

Extracting the root, 

jl« y« -. >/«« — 4A«, 

Therefore, by adding and subtracting this from the first of the given 
equations, and then taking the ;ith root, we have 

x = {io + iv^ft«~46*}» 

6. Given < ^ X to find the values of x and y. 

^(r= 18 or 124 
^^•ty= 3 or 2| 

7. Given J « 2^i4— 11 \* ^ ^^^ *^® values of a and y. 



Ans 5* = 2or — 46 
^*- ty=3or 15 



5 



r2x-\-y = 22 -J 



8. Given ^ a^v ^ >* to find the values of x and y. 



^^^' ly = e, or — is}. 
X = 154-y^ 
9. Given -^ ^ xy ^ > to find the values of x and y, 

^"*- iy= 3, or-2|. 
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10. Given { 3^ i^Z.i5s=:— 12 }' *® *^^*^^^®* ®^**^^y' 

Ana 5' = ^' or— 7|, 
^^' i y = 5, or ^. 

11. Given { *i^ll|"^^*^ }» to find the values of « and y. 

C«=9, or —14^ 
^^' iy = 4, or— 6i. 

12. Given ^^ Sf ^ \., to find the values of « and 3^. 



)j^'*"7"»(,to 

(^ a^— y =2 3 



Ans. 



!x:=5 or 
3(3=3 or — 



« 



(96.) If the simple equation consist of the sum or product of the 
unknown quantities, and the other equation of either the sum of their 
squares, the sum of their cubes, the sum of their fourth powers, &c. 
then the solution is obtained by employing a mode somewhat different 
firom that above given, as in the follovnng general examples : 



EXAMPLES. 

1. Given Jfaij!tZ?(» to find the values of x and y. 

By squaring the fir^t equation, 

«»4-2ay + y« = a«; 
and subtracting the second, a^ -{- y> = 6, 



we have 2xy z^ar — b: 



Also, subtracting this from the second equation, 

and, atoce the first side of this equation is (a — y)', we have, by extract- 
ing the root, 
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bat x-{'y^a'y therefore 



(^+y) + (* — y) = 2j? = a ± V2* — a«. 



or X = ; 



and (« + y ) — (« — y) = 2y = a qp s/^b — «*> 



a :F is/2* — a« 

or y= ^ 

^ 2 



Or Mu« : 

Putx = « + «, andy=*— fj then x 4- y = 2*, or * = ^ J 

.-. «« = «« + 2w + «», 
and y*= «« — 2«f + 2»; 



•. by addition, af« +y«=2«9 + 2«« = 6: 



3 *-2«a ^ I 

whence 2'= — - — , and .*. 2 = db J 



^~2^ 
~2~' 



d? = « + 2 = *± J 



and d? = «4-2 = *-!t .1 — - — ; 



b — 28^ 

.•.by restoring the value of s, 



also y = * — z=«:^l 



a« 



6—^ 



a I 2 a±,J2b'-a* 

2 =^N 2 2 



6— 



a« 



and y=yqF^— g — = ^^ , as before. 
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2. Given ) *3 1 JIs Z ^ J > to find the values of x and y. 
By cubing the first equation, 

subtracting the second, ** + y* = c. 



we have 3^?^ -f" 3ay* = a* — c. 



and, by substitution, 



a^ ^-c 



-{- y = a, or ffS — ^ ^ sa^* — 3(|«y j 



c — a' 



3ay 
.'.by transposing, and dividing by 3a, 

and completing the square, 

a' c — a^ , a^ 4c — a' 

y - '«' + T=-3^ +T=-i2^ ' 

.-. extracting the root. 



a 1 4c — a* . a 1 4c — a' 

- T = ± >l -12^' """*" = T =*= >l -12^ ' 



a ^ I 4c — a' 



o2 
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Or, thus : 

Patting 0? =« + 2, and If =z 8 — s/as in the preceding eicample, we 

have 

a?« = *» -f 3 A + Ssz* + «», 

y» = *» — 3*«« + 3«5;« — *»; 



.•. by addition, a?* + y'=: 2«» + 6*z« = c; 



, c~2*« ^ I 

whence j' = — - — , and « = ± J 






•••* = »± J^-gj— ; and3/=«::F J 



c — 2<* 
•*. by restoring the value of s, 



a» 



c — 



'"■2=*=N 3a "" 2 ^N 12a ' 
and .'.y = — qp ^ ^^^ > as before. 

6. Given > 4 1 ^4 ^ 5 ( > ^ ^^^ the values of x and y. 
By involving the first equation to the fourth power, 

X* -f- 4«'y + 6*V* "i" '^'S/' + y* = a* ; 
and subtracting the second, of^-^y* i=d; 



there results . . . 4j?^ + 6«'y' -f ^xy' = a*— d ; 



.•, dividing by fl?y . . 4d?* + 6j;y + 4y' a= ; 

Now4(/i l.v)«=4a?« + 8xy + 43/' =4a«; 
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a* — rf 
bence, by sobtraction, 2xy ^ 4o' , 

or Sa^y = 4a'a?y — a* + rf; 

'.'.by transposition and division, 

d — a* 

and completing the square, 

xY - 2a««i/ + a* = — ^ — + a* = ^ ; 

.*. extracting the root, 



xy — a«=:±^--|— , and ay = a« ± ^ --^ j 



Jrf + a* 
~2 — ^^ '"' 

we ha?e, by substitution, 
f- y ^a, or m + y'= ay, or y* — ay i= — m ; 

.*. completing the square and extracting the root. 



a . |a' 



a \a^ a I a« o -^ M + a* 

whencey=Y±^|Y— ^ = T±NT"~^^n"T~" 






and 
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Or, thus: 

Patting x = 8 '\- z, and y := s — z, as in the preceding examples, \ 
have 



.-. by addition, a?* + 1/* = 2«* + 12« V + 22* = d ; 



and dividing by 2, . . s* -{- 6«»s«+ *« = — -; 
and completing the square, and extracting the root, 



«« 



+ 3**=±J|-+8*M 



.•.«=±J-3,«±Jl + 8,4; 



, a? = * ± 4 - 3«» ± J |- 4- 8«S 



consequently 

andy = « T >g — 3«» T J y + 8«* ; 
or restoring the value of s, 



— iL I ^«' \ d + a* 



andyrsyq:^ r^N~"2 — ' as before. 
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4. Given J ^ 7[ ^5 ^ '^ J , to find the values of x and y. 

By involving the first equation to the fifth power, 

1* + 5xV + 10ar»y» + IOjt^^ + 5xy* -|- y* = a» ; 
and subtracting the second, a?* + y* = ^ 5 

we have . . 6x*y + lOa^i/* -f- lOx^t/^ -f- 5j?y* = a* — c ; 



and dividing by 5xy, x^ -{- 2a^y -j- Sxy* + 1/^ = 



a* — e 



5xy 



«•• by subtraction . . «V + ari/'ssa' 



5a?i/ ' 



or (« 4-y)xy = axy ^ a' — 



a* — e 



5xy ' 

.'. multiplying by 5xy, and transposing, we have 

5ax'^y^ — 5a®^ ^ e — a*, 



c — a' 



ora^y^— a'xy=: — - — ; 
and, by solving this quadratic, we obtain 






.'. calling this value of ay, m, we have, from the equation, 

x-\-yz=a, 

\-y = a, orm-f-y* = ay, .-.y^ — ay =— w; 



-•^=f^4? — T:^Jt-?-J«-^ 



4e 
20a"" 
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--•=«- = f^J-T=^J"-^. 



Or, thus : 

Putting X = « 4~ '> <"^^ y = « — s!> as in the preceding examples, 

«« = «*+ 5«*z + 10*»«« + 10A» 4- 5*8* 4- 1«, 
y« = ««— 5«*2 + 10«5a» — 10««8» + 5«* — ««; 

.•. by addition, x» + i/» = 2** + 20A* + 10*2* = e, 



orz*4-2*«s*4--- = 



6 ■" 10* ' 

and by transposing, and completing the square, 

.*. extracting the root, &c. 



=-'-^i^'---^i-^r-^' 



whence, by restoring the value of *, 



a 



x=zi+i = -±^ 



a' 



-T±N 






6a 



=i*J-f*J=s^% 
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. a I a« |a* + 4e 

the same as before.* 

5. Given |^ H' I, to find the values of «« 4- y«, «« -f- yS, x* + 
y*, Ac. 

By squaring the first equation, 

and subtracting twice the second, 2ay = 2p ; 



there results a:* -f 1/' = «* — 2;?. 



Again, (a? + y) (ar* 4- y*) = «» — . 2p8 
xi/(x'\'y)=: ps 



.'. a?* + y^ = «* — Sps 



Also, (a?+y)(a:'+y') = «* — 3/>*« 



.'. a7*+y* = »* — 4;w2 4-2p« 

In like manner, 

(j? +y) (^* + 2/*) = «* — 4p*« + 2/?** 



.'. a* -f y* = «* — Sps' + 6p^8. 



By continuing this simple process, formulas may be deduced to any 
extent. These formulas, it may be remarked, would have enabled us to 



• If we had g^ven a: + y, and a* + y^, to find x and y, the question 
would be impossible in quadratics, since, as it is easy to perceive, the ope- 
ration would lead to a cubic equation ; we cannot, therefore, extend the 
above examples any further. 

g3 
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Hirive at simpler Holutions to the four preceding questions than those 
already given. Thus, taking the fourth question, we have by the formula 
last deduced, 

a* — 5a^ + 5ffp' = e 
.*. ^a"]^ — ba^p zze — a* 
and, completing the square and extracting the root. 

Now X — y = V a* — 4p, and half thig added to \a gives «, and sub- 
tracted from it gives ^: hence 

Particular Examples, 

). Given the sum of two numbers equal to 24, and the sum of their 
squares equal to 306. To find the numbers. 

Ans. 9 and 15. 

2. The sum of two numbers is 27, and the sum of their cubes 4941. 
Required the numbers. 

Ans. 13 and 14. 

3. The sum of two numbers is 11, and the sum of their fourth powers 
2657. What are the numbers ? 

Ans. 4 and 7. 

4. The sum of two numbers is 10, and the sum of their fifth powers 

17050. What are the numbers ? 

Ans. 3 and 7. 

5. The sum of two numbers is 47, and their product 546. Required 

the sum of their squares. 

Ans. 1117. 

6. The sum of two numbers is 20, and their product 00. Required the 
sum of their cubes. 

Ans. 2060. 

7. The sum of two numbers is 19, and their product 78. What is the 
sum of their fourth powers ? ^ 

Ans. 29857. 
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(97.) When both Equations have a Quadratic Form, 

In this case, which includes every possible form, no general method 
f procedure can be pointed out ; and the solution, in many cases, 
lust be left to the ingenuity of the learner : many equations, however, 
lat come under this case are irresolvable by quadratics only, and require, 
quations of the higher degrees, as has been before observed.* When 
owever the proposed quadratics are both homogeneous, that is, when 
very unknown term is of two dimensions, the solution may always be 
Sected by adopting the artifice of substituting for one of the un- 
nowns an unknown multiple of the other ; because we shall thus 
itroduce the square of this other into every term, and may therefore 
liminate it from the equations. The result of this elimination will be 
single quadratic, in which the unknown is the assumed multiplier at 
rst introduced, and the determination of which leads immediately to 
le solution. The most general form in which a pair of homogeneous 
uadratics can occur is the following, viz. 



!ax^-\-bxy-\-cy'^^d \ . 
a'x^ + b'xy ^&y^=zd'] '' 



* The most general form under which quadratics containing two un- 
lown quantities can be expressed is the following, viz. 

ax' + *y* + ^^ •{■ dx + cy = A, 

a'ao^-^by+cfxy + d'x + eV = B; 

le solution of which is a branch of the general doctrine of Elimination, 
subject too abstruse to be treated on fully in an elementary work like the 
esent. The elimination of equations of the first degree has been already 
ven, in Chap. ii. ; and, for those of the higher degrees, the reader is re- 
rred to the work of M. Bezout, before mentioned. 
There is also a neat tract on this subject by M. Gamier, entitled ** De 
Elimination entredeux Equations Alg<6briques d'un Degr^ quelconque.'' 

t This general form evidently includes a great variety of equations, 
ice it comprehends all those in which any of the coeflBcients a, b, c, a', 
, c', are = ; that is, in which any of thp terms are absent. 
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To find the values of x and y in these equations^ put x = zy, and 
they become 

from the first of which we get 



ax« + 6s + c ' 
and from the second^ 

^= £ . 



whence 



a«« 4- ^a? + <?"" aV + 6'2 + c" 

or, clearing the equations of fractions, 

afdz^ + Vdz + c'd^a^t* + W« + cd': 

a quadratic from which the values of x may be found, and, conse- 
quently, those of y and x may then be determined. 

EXAMPLES. 

1. Given < ^ jT^ o^ ^ o J > to find the values of x and y. 

These equations being homogeneous, are resolvable by the above pro- 
cess; therefore, assuming xi^-zy, we have 

^'iyi -_ 223r» = (4;? — 2)8/ = 12, 
and 2y2 -f- 32y» = (2 +32)y«= 8; 
.*. from the first equation, 

y = 



(4z— 2)2' 
and frt>m the second, 

^ 2 H- 3a ' 

12 _ 8 
''* (42— 2)«"'2-|-32' 
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or24+362 = 32s'— 16<; 
and by transposition, 

3222 — 52* = 24, or ««— • V»« = f ; 
.*. completing the square, and extracting the root, 

« — ii=±i8, .•.» = 2, or— I; 

*"^^'=2T3i="^'°'^ 
••• y = ± 1, or ± v^^. 
and d? = 2y= ±2, or =1= | . ^W 

2. Given { 2^l}l3^^|y? jl^3 |> to find the values of x and y. 

These equations being homogeneous, substitute, as before, %y for x, 
and we have 

6«y — 52/+23^« =(6s« — 5af+2 }y«= 12; 

and 22y« — 33/« +38y=[22 —3 +3*«}y» = — 3; 

from the first of these equations. 



and from the second, 



fl#S — 




12 


y — 


62» 


— 52 + 2' 


y» = 




— 3 


2«- 


- 3 + 3»« ' 


12 




— 3 



5z + 2 ""22— 3 + 322' 

or 242—36 + 362« = — 182*+ 152 — 6 j .-. 542«+ 9^;= 30, 

.-. Ba* + a? = V^ J 

and completing the square (Art. 90), 

144;5« + 242 + 1 = 81 ; 

and extracting, 

122+1 = ±9; 

.-. 2 = J, or — J: 



134 QUADRATIC EQUATIONS. 

6 



whence y' = 9, orff; .•. y=±3, or ± 
and .'. x:= ±2, or =F 



6 



^/31 
3. Given J ^« _L 2v* = j >» to find the values of j? and y. 



8 
d? = ± 3, or ± 



Ans. 

2/=± 1, or ± 



V6 
4. Given < .*j T f^ ^ . g^ > , to find the values of x and y. 



-^ 1TV768 
x= ± 4, or :F ^ — 

Ans. / 

.J 768 
y=±5, or± ^ 



5. Given Jo* o^a _^5 9 ( > to find the values of a? and y. 



>a?=r± 3, or ip 



Ans. -< 



(98.) MISCELLANEOUS EXAMPLES, 

To which the preceding Methods do not immediate^ apply, 

1 . Given < "• * '~ ^ ~ « -^ > , to find the values of x and y. 

From the first equation, by transposition, 

x^ -\-y^ -\-af -|-y=: 18j 

and from the second, by multiplication, 

2an/ = 12 ; 

••. by addition, x^ + 2an/ + y^ -\-x -^y = 30i 

and substituting in this equation the value of x ( = — ), as obtained from 
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the second equation^ it becomes 

or putting 1- y = «, it is z' -f- 2; := 30 ; 

y 

.*. completing the square^ 
and extracting the root, 

.'. z, or ^- y, = 5, or — 6 j 

whence 6 + y* = 5y, or — 6y ; 

•• tory«+6t/ = — 6; 

and completing the first square (Art. 90), 

4y' — . 20y + 25 = 1 ; 

and extracting 

2y— 5 = ± 1; 

.•.y = 3, or 2; 
also, completing the second square, 

y* + 6y + 9=3; 

and extracting, 

3/ + 3 =:± v^3; 

.-. y = — 3 ± ^3 ; 

6 
whence x = — = 2, or 3; or — B^^ ,J3, 

y 

2. Given j ^~ ^=^6 1' *« ^^^ t^® values of x andy. 

From the first equation, 

21 
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I 



whence y' = 9, orjf; .'. y=±3, or ± 
and .*. x= :t 2> or =F 



5 



a/31 

3. Given { [^ jl 2JJ2 ^ ^? } » to find the values of ^ and y. 



Ans 




• ^^^'^° |4y' + 3^ = 16o|'^^^^^^'^®^°^*"*^y- 



j'=±4,or:F— ^ 
Ans. 

3/= ±5, or±-^ 



2xy — 3 «« -- *5 = — 9 5 ' *° ^"^ ***® values of x and :• 



Ans 




(98.) MISCELLANEOUS EXAMPLES, 

To which the preceding Methods do not immediately apply* 

1 . Given l'^'' '^ "" '^/^T.^l^^' \, ^ ^rid the values of x anJ.J 

From the first equation, by transposition, 
x^ + y^ + af+y=\Si 

and from the second, by multiplication, 

2<zy = 12 ; 
.•. by addition, x' + 2jpy -|- y* + x + y = 30 } 

and substituting in this equation the value of x( := — ), as obtahMd ^ 
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second equation^ it becomes 

6 
putting 1- y =: 2, it is 2* + ^ = 30 ; 

completing the square^ 
1 extracting the root, 

.*. 2, or ^- y, ^ 5, or — 6 ; 

whence 6 + y* =: 5y, or — 6y ; 

. S y« — 5y = — 6, 
•• iory«+6t/ = — 6j 

I completing the first square (Art. 90), 

4y' — . 20y + 25 = 1 ; 

I extracting 

2y— 5 = ± 1; 

.•."y = 3, or 2; 
>, completing the second square, 

3/* + 6y + 9=3; 

I extracting, 

y + 3=:±v^3; 

.•.y = — 3 ± V3; 

6 
ence x = — = 2, or 3: or — 3 ^ /y3. 

►. Given j^ir^^A?>to find the values of x and y. 

P'rom the first equation, 

21 
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and from the second, 



•# ^^ 


6 




y — 


^ — x' 




21 

• 


6 




••«»- 


1~«» — 




HiviHinflr 


^. ^ 





«— 1* 

^ =— , .-. 7a? = 2i« + 2* + 2; 



«*4-x + l d? 

and by transposition, 

2«* — da-ss — 2; 

.*. completing the square (Art. 00), 

16a^— .40xH-25s=9; 

and extracting the root, 

4j? — 5=±3; 

.*. ^ = 2, or ) : 

6 
and y = -5 = 3, or — 24. 

3. Given | *' + |^ + ^ = 44 ^ ^"^ | , to find the values of * and y. 

By transposition, the first equation becomes 

a:« + 2a?i/ + 3a? + y = 73, 

to which, if the second equation be added, there results 

x» + 2^ + y» + 4i + 43^ = (« + 3/)« + 4(j7 +y) = 117 J 

and completing the square, 

(x + y)« + 4(x + y) + 4 = 121j 
.«. extracting the root, 

(ar+y)+2=±ll; 
.'. a^+y =9, or — 13; 
and* = 9 — y, or — 13— y: 
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and, by substitating these Talues of x in the second equation^ we have 

3/' + 2y+ = 44, 
or y« + 2y^— 13 =: 44 ; 

.'. by transposing, and completing the square in the first equation, 

y« + 2y + l=36; 

and extracting the root, 

y + l = ±6; 

.•. y:=5, or — 7: 

also by transposing, and completing the square in the second equation, 

and extracting the root, 

y + l = ±V^58; 

hence the values of y are, y = 5, or — 7 ; or — 1 ± ,^69 : 
and those of x are .*. ^ =4, or 16 ; or — 12 qp t^/dS. 

!g!t ^s (xA-v^)^ 8> 
^^ v)' . (x 4- v) = 32 < ' ^ ^^ ^® values of x and y. 

Multiplying the first equation by 4, we have 

and, dividing this hy x -{• y, there results 

4(0?— y — l) = (x— y)«j 
and by transposition, 

(«— 3/)*— 4(x--y) = — 4j 
.*. completing the square, 

(x — y)' — 4(j?-y)+4 = 0; 
and extracting the root, 

(*— 3/)-2 = 0; 
.«, X —y = 2: 



138 QUESTIONS IN QUADRATIC EQUATIONS, 

and this value of x — y substituted in the second equation^ gives 

and by addition, j ^ T^J ^ 8 | also *>y subtraction, j ^ _ ^ ^ 2 
we get 2f =: 10 ; we get 2y= 6', 

whence x=: 5; andy = 3. 

5. Given < y a? >, to find the values of x and y. 



< y * >, to 



Assume x = >-{-&, 

and y = 2 — t; ; 

.*. x4-y = 2s = 26; 

.•, 2 = 6 .'. x=6 + t;, y = 6 — r. 

Now from the first equation, 

x* + 3^=aa?y . . . . (1); 

but a-a = (6 + t;)3 = P + Sb^v + 36»* + »', 

jr* = (6 — v)3 = 63 — 36»t; + 36t;«— v3 ; 

.-. i3 + y3 = 263 + 66y2 . . , , (2). 
Again, 

aa'y = a(6 + ») (6 — t;)^a6* — av* .... (3); 

hence, substituting (2) and (3) in (1), we have 

263 + 66t;2 = a6« — a»«j 
.-. (a H- 66) i;2 = a62 — 263; 

, 6«(a — 26) 



V* 



a +66 ' 



, 1 a — 26 

1 . i: l« — 26 

.-. x = 6 + 6^ -—— ; 
a -j- 66 
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C x^ -I- ^ = -— ^ 

6. Given J ~ y S> *<> &id the values of x and y. 

C.ar»i/ +y= 18 3 

'^"^- ^y = 2', orie! 

7. Given {/,±^^^^64""^*^}' to find the values of * and y. 

Ans. f^X?' 

n- ^ (^* + y*) • (* — y) = 51 > to find the values of x 

8. Oiven ^ ^2 ^ ys ^ , =z 20 + y 5 , andy. 



17 ± v^— 283 
a?s=4, or— 1 J or ^ j 



Ans. 



y=l,or-4;or ^ 



(99.) QUESTIONS PRODUCING QUADRATIC EQUATIONS INVOLVING 

TWO UNKNOWN QUANTITIES. 

QUESTION I. 

It is required to find three numbers^ such, that the difference of the 
first and second shall exceed the difference of the second and third by 6 ; 
and that their sum may be 33, and the sum of their squares 467. 

Let j^ be the second number, and y the difference of the first and 
second ; 

then the first number will be x — y^ 

and the third, by the question, x 4~ 2/ + ^ j 

.-. their sum = 3x + 6 s= 33, .*. x = 9 : 

aLsoj:« + (x — y)^ + (^H-y + 6)a = 467, ... (a? — 1/)2+ (x + y + 6)« 

= 386; 

that is, 2^a + 12x + 12y + 2y2 + 36 = 386, 

or substituting for x its value = 9, 

306 + 12y + 2ya=386; 
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.-. y9 + 6y = 40; 
and completing the 8qaaTe> 

y8 + 6y + 9 = 495 

.*. extracting the root, 

y + 3 = ± 7, 

and y =:4^ or — 10: 

hence the three numbers are 6, 9, and 10 ; or rather 10, 9, and 5. 

QUESTION II. 

It is required to find three numbers in geometrical progression^ such, 
that their sum shall be 1 4, and the sum of their squares 84. 

X 

Let — , X, and xy, be the three numbers ; 

*7 



then, by the question. 



— + J + j?y = 14, 



l9 



and — + jp9+^j/« = 84j 



y» 



.*. from the first equation. 



|-xy = 14 — «; 



or squaring each side. 



^ + 2x« + x8ya = (14)*— 28jr+ «• J 

.•• ?^ + a« + a!«2/* = (14)' — 28* ; 

and •*. from the second equation, we have 

84 = 04)8 -28j; 

14->6 
.'. 6 = 14 + 2af, and .*. a? = — - — = 4 ; 

and substituting this value of x in the first equation, 
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... 4y«— lOy —— 4, 
ory«— %^ =- 1; 
and completing the square, 

.". extracting the root, 

y — J=±i; - 
whence y = 2, or J : 
.*. the three numbers are 2, 4, and 8. 

ANOTHER SOLUTION. 

Let a and y denote the two extremes, then t^/xy is the mean, and by 
the question, 

* + n/^ + y =14, 

and «« + «y 4-y»=s84. 

Dividing this equation by the former, 

« — >/«y+y = 6; 
hence, by addition to the first, 

^ +y = 10; 

and by subtractioD, 

^aiy = 4, or xy = 16 : 

consequently, 

(a.+y)«— 4ay = 100— 64=s36, 

.'. a — y = 6 

a? + y =10 



». a: = 8, y = 2 



hence the numbers are 2, 4, and 8. 
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QUESTION III. 

The sum of four nuinbers in arithmetical piogression is 34, and the sum 
of their squaren 334. What are the numbers ? 

Let the two means hejp-{-y, and x — y ; 
then the extremes will he a-^3y, and x — By] 
and their sum := 4f s= 34, .*. x = ^ : 
also the sum of their squares = 40:* + ^Oy* =s 334 ; 
.*. substituting in this equation the Talne of x found above, we have 

280 + 20y3 = 334; 
.•.20y« = 45j 
whence y = ± /^J = ± J : 
.*. the four numbers are 13, 10, T, and 4. 

QUESTION IV. 

The sum of three numbers in harmonical proportion is 13, and the pro- 
duct of their extremes is 18. What are the numbers ? 

Let the extremes be x and y ; 

2d7!/ 
then the mean will be — p- (Art. 79, Ch. 3) $ 

X H-y 

2afy 

and their sum := « H r^^ — J- y = 13 ; 

« + y 

also the product of the extremes = d^ = 18 ; 

.*. by substitution, 

36 

and multiplying by x -f y, and transposing, 

(a? + y)«— 13(x + y)a5 — 36j 
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•*. completing the square (Art. 90), 

4(x +y)« — 62(^ + y) + 169 = 25 ; 
and ex|racting the root, 

•". a? + y = 9, or 4 ; 
whence (x + y)* =: 81 , or 16 : 
and subtracting 4xy = 72, 



we have {jc — y)' = 9, or — 56 ; 

.'. X — y ^ 3, or ±i^— 56 J 
and adding . x-^-y =z 9, 



2x =12; .*. ^=6; 
also by subtracting 2i/ = 6 ; .*. y = 3 : 
hence the three numbers are 6, 4, and 3. 

Otherwise : 

Let the extremes be x -f y* ^^^ ^ — y j 

^ — v* 
then the mean will be ^; 

and their sum ^2x A ^=s 13 ; 

X 

ako the product of the extremes = o^ — y^ = 1 8 ; 
.'.by substitution, 

:2* + ^=13j 

and multiplying by x, and transposing, 

2a^— 13«= — 18; 
.*. completing the square (Art. 00), 

1623~104x + 169=r25; 
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and extracting ihe root, 

4« — 13=±5; 

.*.x={, or 2: 

and sabstitating the first of these values in the equation x* — y' = 18, 
we have 

V-y«=18, .-.y'ssl, andy = |: 
hence the numbers are 6, 4, and 3^ as above. 

QUESTION V. 

It is required to find four numbers.in ariUimetical progresnion^ such, that 
the product of the extremes shall be 46, and the product of the means 77. 

Let X be the first term, and y the common difference, then the numbers 
will be 

«. «?+y, « + 2y, « + 3y; 
and by the question, 

x^ + Sxy = 45, 

a?* + 3ay + 2y«=:77; 



.'. by subtraction .... 2^' := 32, 

.•.j^=4: 
hence the first equation becomes 

^'+12^=45; 
which solved, gives ^ := 3 : hence the four numbers are 

3, 7, 11, and 15. 

QUESTION VI. 

It is required to find two numbers, such, that their sum, product, and 
the di£ference of their squares may be equal to each other. 

Let a represent the greater number, and y the less, 



then, by the question, | ^ ijl ^ _, ^_ yj. 
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DiTidiDg each member of the second eqaation by x -f- y, we have 

1=3?— y, .',yzsx — 1. 
Sabstitating this value of y in the first equation, 

2x — I =** — X, 

.% x* — 3x= — 1, 

which solved, gives 

S + v:5_ . l + v/5 

7. There are two numbers, whose sum, multiplied by the greater, gives 
144, and whose difference, multiplied by the less, gives 14. What are the 
nnmbeni? Ans. 9 and 7. 

8. What number is that, which, being divided by the product of its two 
digits, the quotient is 2, and if 27 be added to the number, the digits will 
be inverted? Ans. 36. 

0. A grocer sold 80 pounds of mace and 100 pounds of cloves for Q51., 
and finds that he has sold 60 pounds more of cloves for 20/. than of 
mace for 10/. What was the price of a pound of each ? 

Ans. lib. of mace is lOs., and lib. of cloves 6s, 

10. It is required to find three numbers, whose sum is 38, such, that the 
difference of the first and second shall exceed the difference of the second 
and third by 7, and the sum of whose squares is 634. 

Ans. 3, 16, and 20. 

11. There are three numbers in geometrical progression, whose sum is 
52, and the sum of the extremes is to the mean as 10 to 3. What are the 
numbers? Ans. 4, 12, and 36. 

12. It is required to find two numbers, such, that their product shall be 
equal to the difference of their squares, and the sum of their squares equal 
to the difference of their cubes. 

^6 . ^-f-v'^ 
Ans. -~-, and — -—■ — . 
2 ' 4 

13. The product of five numbers in arithmetical progression is 10395. 
and their sum is 35. What are the numbers ? 

Ans. 11, 9, 7, 5, and 3, 

u 
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1 4. The gam of three namhers in geometrical progression is 13, and the 
product of the mean and sum of the extremes is 30. What are the num- 
bers? Ana, I, 3, and 9. 

15. The arithmetical mean of two numbers exceeds the geometrical 
mean by 13, and the geometrical mean exceeds the harmonical mean by 
12. Required the numbers. Ans. 234 and 104. 

16. There are three numbers, the difference of whose differences is 6; 
their sum is 20, and their product 130. What are the numbers ? 

Ans. 2, 6, and 13. 

17. The fore- wheel of a carriage makes six revolutions more than the 
hind- wheel in going 120 yards ; but if the circumference of each wheel be 
increased one yard, it will make only four revolutions more than the hind- 
wheel in going the same distance. Required the circumference of each. 

Ans. The circumference of the fore-wheel is 4 yards ; 
and of the hind- wheel 6 yards. 



ON IRRATIONAL QUANTITIES, OR SURDS. 

(too.) An Irrational Quantity, or Surd, as it is sometimes 
called, is a quantity aiTected by a radical sign, or a fractional index, 
without which it cannot be accurately expressed ; the quantity itself 
not being susceptible of the extraction which the index denotes. 

Thus, ,^2 is a surd, because, as 2 is not a square^ its square root 

cannot be accurately extracted ; also, ^6, 3^, 6», &c. are surds, since 
none of them are susceptible of the requisite extraction; and therefore 
cannot be otherwise accurately expressed. 

Theorem 1. The square root of a quantity cannot be partly ra- 
tional and partly a quadratic surd. 

For if M^a = 64* \/<^> then, by squaring each side, we shall have a = 
b^ -|- 2*a/c + c, and .•. 2bj^c = a — b^ — c j and, consequently, »^c = 

— J that is, an irrational quantity equal to a rational quantitj-, 

26 
which is impossible. 
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Theorem 2. In any equation, consisting of rational quantities and 
quadratic surds, the rational quantities on each side are equal^ as also 
the irrational quantities. 

Let the equation be a -f* \/^ = « + *>/yy then, if a be not equal to x, 
let it be equal to x ± wi, and then r ± jw -f ^b = a? + 'Jv* •*• ±^ + 
ijk zz. ^ff \ that is, the square root of a quantity is partly rational, and 
partly a quadratic surd, which is impossible (Theor. 1). 

Theorem 3. If ^{a + ,Jh) = a? -f y, then will ^{a — ^b) = 
X — yix and y being supposed to be one or both quadratic surds . 

For since a + >y * = a^ -[- 2xy + y', and since s and y are one or both 
quadratic surds, x' •\- y* must be rational, and 2xy irrational; .*. (Theor. 
2), a = s' + y*> and tjb = 2xy, consequently, a — »Jb = a?' + y' — 
2a3f = (« — y)9, .-. ^{a — V*) = or — y. 



REDUCTION OF SURDS. 

(101.) Problem i. To reduce a 'Rational Quantity to the 

Form of a Surd, 

Raise the quantity to the power denoted by the root of the surd pro- 
posed ; then the corresponding root of this power, expressed by means 
of the radical sign, or a fractional index, will be the given quantity 
under the proposed form. 

EXAMPLES. 

1 . Reduce 3 to the form of the square root. 

Here 2* = 4, .•. ^4 = 2 under the proposed form. 

2. Reduce 3x* to the form of the cube root 



Here (3j9)3= 27«e, .«. 3a?* = 8/27^. 

3. Reduce a^jfl to the form of the fifth root. 

4. Reduce -- to the form of the fourth root; 



H 2 
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6, Reduce to the form of the cube root. 

X 

6. Reduce a*a* to the form of the square root. 



Problem ii. To reduce Surds expressing different Roots to equivalent 

ones expressing the same Root, 

Bring the indices to a common denominator; then raise each quan- 
tity to the power denoted by the numerator of its index, and the common 
denominator will denote the root of each. 



EXAMPLES. 

1. Reduce $^2 and ^4 to surds expressing the same root. 

Here the indices, brought to a common denominator, are } and }; 

^ a 

,'. the proposed quantities are the same as 2o and 4«; or ^8 and ^16. 

2. Reduce a' and a^ to surds expressing the same root. 

Here the indices, brought to a common denominator, are J and |^ .*.tbe 

proposed quantities are equivalent to a° and a^', or to ^a^ and ^a*. 

3. Reduce 4* and 5* to surds expressing the same root. 

4. Reduce 2^3 and 3-^2 to surds expressing the same root. 

6. Reduce 6^ and 6* to surds expressing the same root. 

3 1 

6. Reduce i^ and y^ to surds expressing the same root. 

Problem hi. To reduce Surds to their most Simple Forms. 

Surds, which admit of simplification, may always be divided into 
two factors, one of which will contain a perfect power corresponding to 
the surd root : 

Hence, to simplify such surds, extract the root of that factor which is 
the perfect power, and multiply this root by the other fector, with the 
proper radical sign prefixed. 
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EXAMPLES. 

1 . Reduce ^Jfi^h to its most simple forn.. 

Here, since a' is a perfect square, ^u^h = a y/b, 

2. RfMlace i^l 35 to its most simple form. 

3/135=^21 X 5 = 3^5 the answer. 

3. Reduce 5 ^^54 to its most simple form. 

5 >v^54 = 5v'9 X ti = 5 X 3 ^ 6 = 15 s/^i tl^e fom^ reqaireJ. 

4. Reduce 3^108 to its most simple form. 



5. Reduce X/a^ + hj^ to its most simple form. 



6. Reduce X/^ifi^ + o,%) to its most simple form. 

(102.) If the surd be in the form of a fraction, it may be simplified 
by multiplying both numerator and denominator by some quantity that 
will make the denominator of the requisite power; as in these 

EXAMPLE?. 

J . Reduce ^\ to Its most simple form. 
HereVi = >/fs = >/5ir6= ^/6. 

2. Reduce \ ^\ to its most simple form. 

a Ic* 

3. Reduce— J — to its most simple form. 

4. Reduce 5\J\ to its most simple form. 

5. Reduce \\J\ to its most simple form. 

6. Reduce J—, — '- to its most simple form. 
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ADDITION AND SUBTRACTION OF SURDS. 

(103.) Reduce the surds to their most simple forms; then, if the 
surd part be the same in both, add or subtract the rational parts,* and 
annex the common surd part to the result : but if the surd parts be di^ 
fereut, then the addition or subtraction can only be represented by the 
proper signs, -^ or — . 



EXAMPLES. 

1 . What 13 the sum of ^18 and ^S ? 
Uere^lSsz^/d x 2 = 3^/2^ ^ ,^ 






and V 8 = n/4 x 2 = 2^/2 

2. What is the diflference between >/ 108or« and N/48a««? 

^/m^=z^/l6^^1^3^ = Qx^/sa^^ ... 2xs/sa= differ- 
and n/ 48ax* = n/ 16r» X 3a = 4x Vsa^ ^nce. 

3. What is the sum of 3 \/32 and 2 %/54? 

>, .'. 6 y4 -|- 6 y2 := sum. 
and 2 ^54 = 2 y2r>r2 = 6 4/2 3 

4. What is the difference between K/\92 and •%/ 24 ? 



And. 2^3. 

Ans. J>/io. 

Anif. <n>/6. 

7. What is the sum of >/24, 2 ^72, and a s/To^'i 

Ans. 2 v^e + 12 V2 + ax ^k 



6. What is the sum of 3 ^j and 2 v'tSi ? 

6. What is the difference between ^^ and /^J? 



The rational part is called the coefficient of the surd. 
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S. Required the sam of 3/500 and ^108. 

Ans. 8^4. 

0. Required the difference between 3 j^} and 2 ^-j^. 

Ans. IV 10. 

10. Required tlie difference between f /^} and { v^J. 

Ans. Jjv^6. 

11, Wliat is the difference between 6 ^^20 and 3 \/i5, 

Ans. »y5. 
i'2. What is the sum of ^27, ^48, 4 ^Ut, and 3 a/75. 

Ans. 50^3. 



MULTIPLICATION AND DIVISION OF SURDS. 

(104.) Reduce the surds to equivalent ones expressing the same 
root (Prob. 2), and then multiply or divide as req^uired. 



EXAMPLES. 

1 . Multiply ^S by Vltf . 

HereSi X (16)J=8*X (16)1= >/ S^ X (16/ = V 512 x 25d 
= V 8 (2)« X 4 (2)6 = V32 (4/ = 4 V32 = product. 

2. Divide Vii by ^24. 

ri2)i C12)i (12)» 27(2)« 

3. Multiply 2 Vi by3V§. 

Ans. 2 3/15 

4. Divide4Va;rby3N/;«y. 

Ans. 45/— r- 

5. Multiply 4 <y3 by 3 y 4. 

Ans. I2V432. 
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6. Divide 4 Vsl by Vl6. _ 

Ans. 2>v/2. 

7. Multiply 6ai by SaK 

Ans. 15 ^a®. 

8. Multiply 2v'27 by >^/3. 

Ad8. 18. 

9. Divide i ^5 by f ^2. 

Ans. i»^lO, 

To extract the Square Root of' a Binomial Surd. 

(105.) A binomial surd is that in which one of the terms, at least, 
is irrational ; as a ± »ybf or f^a ± t>yb,* 

(106.) In order to extract the square root of a + ^b, put ^{a -\- 
^b) = J7 +y ; and it follows that ,J{a — »Jb) = j? — y (Art. 100, 
Theo. 3). 

Let each of these equations be squared, and we have 

a-[->y* = ar» + 2xy-[-t/« 
a — j^d:=x^ — 2xy + y'> 



.-. by addition . . 2a = 2«« + 2y', or a = ar» + y». 

Let the same two equations be now multiplied together, and there 
results 

^/(a+^/*)X V (a — ^/A) = x«-y^ or ^ («' — «') = »'' — y'i 

hence, both the sum and difference of x^ and t/* being given, we have, by 

addition and subtraction^ 

2 ^ 2 
■••" = •^1 2 |. andy = V| g ^; 



• The term binomial is often confined solely to surds of the form 
a + ,^b, or pja + i^6 ; and those of the form a — ^b, or ^Ja — ^b, 
are called residual surds. 
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consequently, 

(107.) In order that the expressions within the brackets may be 
rational, it is evident that both a and v^(a* — h) must be rational ; in 
which case, each of the above values will consist either of two surds, 
or of a rational part and a surd. 

The above formulae will apply to any particular example, by sub- 
stituting the particular values for a and 6; observing, that if b be 
negative, the signs of h in tlie formulae are to be changed. 

EXAMPLES. 

1 . What is the square root of 8 + n/39 
Here a := 8, and 6 = 39; 

.-. V (8 + ^/39) = V\? + >/8. 

2. What is the square root of 10 — ^96 ? 
Here a = 10, and 6 = 96 ; 

.-. V(10 — v'96) = >s/6 — 2. 

3. What is the square root of 6 + ^20 ? 

Ana. 1 -f- \/5. 
H 3 
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4. What is the square root of 6 — 2 tj6 ? 

5. What is the square root of 7 — 2 ^10? 

6. What is the square root of 42 + 3 >/l74J? 



Ans. tjb — 1. 
Ans. ^6 — ^2, 

Ans. -n/^S -f >/l4. 



To find Multipliers wluch will make Binomial Surds rational, 

(108.) Surds may oflen be rendered rational by being multiplied 
by some other quantity, which quantity, when the surd consists of 
but a simple term, is always easily found: if, for instance, the surd nja 
is to be freed from its irrational form, it must evidently be multiplied 
by ^a; for ^/a X ^a^^a; and if ^a be the form of the surd, then 
the multiplier must be ^a^; because ^a x >^a^:=^a?=sa: and, 
generally, the multiplier that will make ^a rational, is JJ/a»-S 
because ^a x ^a^^^ = ya" = a. The more usual binomial forms 
may too be readily rationalized ; such forms consist of either the sum 
or difference of two square roots, or else of the sum or dififerenoe of 
two cube roots. In the former case the multiplier will be suggested 
from the property, that the product of the sum and difference of two 
quantities is the difference of their squares. In the latter case the 
multiplier will be a trinomial surd, consisting of the squares of the 
two given terms, and of their product with its sign changed ; that is to 
say, the form ^a ± l/b will be rendered rational by the multiplier 
i/a^ T l/ob -[- i/b% since it is plain that the extreme terms of the pro- 
duct will be rational, and that the four intermediate terms destroy each 
other. But it is not so easy to discover, at once, the multiplier that 
will render ani/ binomial surd rational ; the method of proceeding, 
however, in this case, is derived from the following investigation : 

""^ = *»^i -I- ^«-9y + ff«-^i/' + «»-* y' + <fec. 
X — y 

j;** ^W 

Bv division <( '— = x«-* — *•»— ' v + x*— ' v* — x*»— * v' 4- &c. 

X -\- y 

!^—L1. = jn-i _ x"-^ y + x«-^ y* — x**-* v' -|- <fec. 
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Here the first of these series will terminate at the nth term, whether 
n be even or odd; the second will terminate at the nth term, only 
when n is an even number; and the third, only wliea n is an odd 
number; for, in other cases, they will go on to infinity, as will appear 
by substituting different numbers successively for n.* 



fmct 

PI 



ectlvely. 



J^V"' ""^ y^V'i '""' the uhoie 



o + i 



inMi = Vn,i— i = ^a^i; ^.-J — y^.^, jj-c. . 

also s'ssi/i'; y' = yl?, 4c. ; 
mbstiluting these taluea In the abare quotients, 



=V"-'-V«- 



■^i' — V""~' *' + &CeU 



^retore, sioce the divisor muttlpHed by the qaotient prodai 
lend, it follows, that if a surd of the form ^a ^ ^b, he mulOplied by 

to n terms, the product wilt be a — b, a, rntional quantity; also, if a said 
of the form V + V*- ^ moltipUed by V"-' — V"*^* + Z/a'^-'lf 
— Sea. to n tenns, the product will be a — b, or a -)- i, according hs u ia 
enm, or udd, euch of which products is u rutlonal quantity. 

Tlie Examples which follow, aldiough worked by the general for- 
mulas here giren, may nevertheless be readily solved by the two simple 
itated at the commencement of this article. 



^fnclli 



We oBunot pTove the tmlb of these properties otbemlBe then by in- 
fnclion In this place; since tbe general dsmonstratlon of them reqoii 
thn Bioominl Theorem. See Borlow's Theory of Numbera, chapter ( 
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EXAMPLES. 

I. It is required to find a multiplier that shall make ^7 — 1/5 rational. 

Here a = 7, 6=5^ and ti = 3, .*. the multiplier, Ttja*—^ + 
^ai.-a6 + &c.=>/49 +^35 -^1/25, 

1/ 7 —3/5 
and by actual mul- 

tiplication V343 + V245 -|- Vm, 

— ^245 — . \/l75 — V 125 



thereresults >/343 • • — v'l25t=7 — 5, 



as there ought. 

2. It is required to find a multiplier that will make 2 -f* >/^ rational. 

Here2+ l/Z = \/% -{-l/^t .-. a = 8, * = 3, and n = 3, .-. the 
multiplier, ?;/o"-i--Jl^a»-«6-f-&c. 

= V64--V24+V9 = 4 — >/24-fV»- 

3 

3. It is required to convert -j^r -r-^ into a fraction that shall have 

a rational denominator. 



An,. i«Ai±J/^Vi)^y,5+y,„+y,. 



5—2 

4. It is required to convert — ; — : — rr i'^to a fraction that shall have 
a rational denominator. 

Ans. fLli^nv^. 
a — h 

5. It is required to convert -r-. — . , , into a fraction that shall have 
a rational denominator. 

ADS. . "(^^-V^ J-JAf). 
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[ fl. It is reqalreit lo find a multtiiller that will nialce J/3 + i/-i rationnl. 
Ana, Va? — Vaa + VJi — v5i . 
naner here given to this last example haa, like those above, 
been determined from the general forraulas ; but the proper multiplier 
may be more readily obtained, aiid iu a preferable form, by the rule at 
t!ie commencement of the article: thus the multiplier ^/3 —V* «■" 
bring the proposed form lo ^3 — \/i, and the multiplier ^3 + ,^4 
reduces this last to 3 — 4, so that the complete multiplier sought consisla 
nf the ivFO (actors ^3 — i/4 and \/'3 + ^4, which produce the mulli- 



ON IMAGINARY QUANTITIES. 

(109.) Imaginary quantities are those expressions which represent 
ajiy even root of a negative quantity, na v — o, */ — o, &c. the values 
of such expressions being uuassignable. These quantities dilfer from 
other surd expressions, inasmuch as the values of the latter, though in- 
expressible accurately, may still be approximated to; but imaginaries 
are not susceptible even of approximate values: notwithstanding this, 
however, Ihey are of considerable use in various parts of the mathe- 
maiica, and, when subjected to the ordinary rules of calculation, often 
lead to possible and valuable results. 

(110.) With respect to the addition and subtraction of these quan- 
tities, the oiierations are the same as for quantities in general ; but, as 
regards their multiplication and division, several particulars mast be 
attended to that do not attach to other quantities; and which we shall 
here enter upon. 

(1 11.) It is evident, in the first place, thai VIT^ x '^^u must 
be equal to — a ; fbr the square root of any quantity multiplied by 
that square root, must produce the original quantity, and therefore no 
ambiguity can here arise with respect to the sign of a. It is also 
equally evident that v — a >; v — a must be equal to v u''; for if 
this be not the case, the rule for tlie signs in multiplication is not 
general: it therefore follows, that — a must be equal (o v a'- 
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But it may be said that Vo^ is also = a, and that therefore it would 
follow that a=Z'-'a: this reasoning is, however, erroneous, for it is 

not true that v^ is also := a, since the symbol V does not contain 
both the signs + and — , but either + or — , and, consequently, if it 
be shown to contain the one, it cannot at the same time also contain 
the other ; in the present case, therefore, >y contains only the minus 
sign, and, consequently, 

V— a X '^ — « = — V^^ — o. 

(112.) Our being able to destroy the ambiguity of the symbol ^ in 

the expression v a% arose solely from our previous knowledge of the 
manner in which a' was produced, viz. from the involution of — a; 
and that therefore the reverse operation being performed on a', must 
bring back the original quantity — a. If we had had no knowledge of 
the generation of a', whether it was produced from (+ a) X (+ «)> or 
from ( — a) X ( — a) ; that is, whether a' represented (+ a)*? or ( — a)*; 
then, in the reverse operation, we could of course have had no know- 
ledge of the precise quantity which ought to have been produced ; that 
is, the symbol of extraction would have been ambiguous, and the 

operation could only have been expressed by sa3ring v a« = + a, or 
— a. 

In the same manner, if it be known that a^ is produced from ( + <<') 
X (-h fl), then Va« = -|- V"^ = + o. 

(113.) Again, if we have two unequal imaginary quantities, v— a 

and V — b, we know that their product, n/ — a X v — 6 := VaJ; 
but we do not immediately perceive whether this result is to be taken 
positively, or negatively ; because here the quantity, whose root is to 
be extracted, was not generated from that root, but from two unequal 
factors ; the proper sign m!ay, nevertheless, be determined, for since 

V — a^^a X '^ — 1, and n/ — b =zs/bx '^ — 1, we have 
s/ZI^ X vC^ = (>/a X V^n") . {^b X V^^^) 
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Hence it appears that the proper sign of '^ab is mintu : and thus 
may any imaginary be represented by two factors, of which one is a 

real quantity, and the other the imaginary >/ — 1 ; and therefore the 

expression, v — i, may be considered as a universal factor of every 
imaginary quantity, the other factor being a real quantity, either 
rational or irrational. 

(114.) From what has been just said, and from the property that 
the multiplication of like signs always produces plus, it follows that. 

The product of two imaginaries that have the same sign, is equal 
to minus the square root of their product, considering them as real 
quantities. That is, 



asalM) 
and 
as also 



(— >/iri) (— \/— o) = — \/a«= — a: 



(115.) But if the two imaginaries have different signs, then their 
product will evidently be equal to plus the square root of their 
product, considering them as real. That is, 

(-1- '>/Zri) (— VZTi) = + >/^. 



EXAMPLES. 



1. Multiply 2 '^'^^ by 3 >/^ir2. 
Here 2>/^^ X 3>/1I^= — 6^6. 

2. Multiply 3 + n/^III by 2 — VITT 
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3-|->/— -2 

2-.>/zr4 



6-j-2>/— 2 



6 + 2 >/— 2 — 3 >/— 4 + v'S. 

3. Multiply 4 >/— 6 by 3 >/— 1. 

Ans. — \2 ^5, 

4. Multiply — 5 >/— 2 by — 3 >/— 5. 

Ans. — 15V^- 

5. Multiply 4 + >/~3 by n/— 5. 

Ans. 4 \/ — 5 — n/i5. 

6 Required the cube of a — 6 >/ — 1. 

Ans. a* H- AV— 1 - 3a* (* + a>/^^). 

(116.) The quotient of two imaginaries having the same sign, is 
equal to plus the square root of their quotient, considering them as 
real quantities. That is, 

+ n/— g __ + Vfl X n/— 1 _ , /_« 

as also 

— V — a _ — s/a X >/•— 1 L /A 

(117.) But if the two imaginaries have different signs, it is evident 
that their quotient will be equal to minii;s the square root of their 
quotient, considering them as real quantities. 
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EXAMPLES. 

1. Divide 6>/— 3 by 2>/— 4. 

2 V — 4 

2. Divide 1 + >/"I^ by 1 — >/^^. 

Here the multiplier that will render 1 — v — 1 rational is 1 -f V — 1 



(Art. 108), 






3. Divide2 v' — 7 by — 3>/ — 5. 

4. Divide — V — 1 by — 6 >/ — 3. 



5. Divide 4 + >/ -^ 2 by 2 — >/ — 2. 



6. Divide 3 H-2>/—l by 3— 2>/ — 1. 



Ans. — f v^|. 
1 



Ans. -j- 



6^/3 



Ans. 1 4- >/ — 2' 



Ans. ^(5 + 12>/--l). 



SCHOLIUM. 

(118.) The arithmetic of imaginary, or impossible quantities, has 
been a subject of much disagreement among mathematicians; some 
affirming that the operations of these quantities are altogether absurd, 
and others, though admitting the validity of the operations, diifering in 
their opinions of the results which they ought to produce. The most 
celebrated among the latter are Emerson and Euler, the former assert- 



162 ON imagiKary quant1t1£4. 

ing the product of >/ — a and >/ — b to be ^/— ab,* and the latter 

making it + Va6t; and yet they both agree that (V — a) • W — a) 
= — a : hence it appears that they not only differ from each other, 

but even from themselves; for if, according to Emerson, (>/ — a) . 

( V — 6) = V — aby whatever be the values of a and 6, the equality 

must still subsist when b=^a; that is, (v — a) . (v — a) =s >/ — a\ 
an imaginary quantity ; but the same product has been admitted to 
produce a real quantity, — a; therefore one of the conclusions must 
be absurd. The same inconsistency attaches to Euler's supposition, 
for, according to him, when 6 =s a, we should have -|- ,^a* = — a, 
which is also absurd. 

(119.) The methods of operating on these quantities, as pointed 
out in the preceding articles, are free from the inconsistencies here 
noticed, and differ from the operations performed on quantities in 
general, only as it respects the restricted and definite sense in which 
the symbol /^ is to be taken in their results, it sometimes meaning 
-f >/, and at other times — ^, but never indifferently ± ^y, as in 
the ordinary operations on real quantity. 

(120.) We might also have shown that when a real and an imaginary 
quantity were to be multiplied together, or to be divided the one by 
the other, that similar processes to those already given were applicable; 
but, as the results would always be imaginary, no benefit would be 
derived from performing the actual operation : by way of elucidation, 

however, let it be required to find the product of ^a and v — i. By 
the ordinary rule, 



• « 



Thus, i^— a X V— * = >/— «*• ^^^ s/^a X ~ >/— 6:= — 
ts/— ab, &c. Also, ^y — a X >/— a = — a, and t^—a X — \/— a = 
+ a*" <&c. — Emerson's Aloebra, p. 67. 

t "The product of »y—S by z^— 3 must be —3; the product of 
ts/—l by is/— 1 is — I; and, in general, by multiplying tj-^ahy 
j^—a,or by taking the square of ^— a, we obtain — a." " Moreover, 
as i^a multiplied by ^b makes ^ab, we shall have »y6 for the value of 
^/—2 multiplied by ;^— 3 j and ^^4 or 2 for the value of the product of 
^— 1 by i^— 4." — Euler's Algebra. 
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present case, 



(121.) It may be here further remarked, that im^nary quaDtities 
always occur in the analysis of a problem, when its conditions involve 
any absurdity oc impossibility ; as if it were proposed to divide the 
number 1'2 into two parts, such, thai their produci may be 40. If 
ibis question be solved by tlis ordinary rules, the two parts will be 
found to be 6 + V — 4, and 6 — v ^ 4, being both imaginary, or 
impossible in numbers. But, besides this, the use of imaginories, as 
we have before said, is veiy extensive in some of the higher branches 
of analysis, and their application to a variety of highly it 
liculais has lately been shown by Benjamia Gompertz 
ate. in Ills Tmcls on " The Principles and Application 



* Some modem vcriters diaapprova ol those eipreiieioaa being called 
^mtntitiea I but, a<t they am susceptible of the same operatioun ns quen- 
titiea in general, auit do often lead to resulla vcbaie values are assign- 
able, there appears tu be no imiiroprlety in the appellation. The term 
Imagiaaiy, however, does seem to require some modiQcution ; for, 
■Itboogb the values of the quantities so colled bib unasiigaable, and even 
iliemotiKible, yet, speaking occording to the common acceptation of the 
term, it seems saying too much to call them i/nagi/utrg, 

Lacroix, and those who say these expresslona are not representatives of 
jumUlies, eM ihem imaginary expresaioin, or imaginary si/mbole ; but 
tbeas appellations are stUl more objectionable, for as expreisimis, or 
typAolt, tbey sie certainly not imaginary, but real. 
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CBAPTBlt V. 

ON THE BINOMIAL THEOREM; AND ITS APPLICATION 
TO THE EXPANSION OF SERIES, <fec. 

(122.) The Binomial Theorem is a theorem discovered by Sir 
Isaac Newton,* whereby any power, or root, of a binomial may be 
obtained without the labour of performing the actual involution, or 
extraction. The power or root so found, is usually called the expansion 
of the binomial; but, before we proceed to investigate the form, or law 
of this expansion, it will be necessary to prove the truth of the follow- 
ing theorem : 

THEOREM. 

(123.) If the series a + B.r + cj* -f- dx^ -f &c. be equal to the 
series a' + tfx -j- cV + dV -f- &c., whatever be tlie value of jr, then 
the coefficients of the like powers of x will be respectively equal the 
one to the other; that is, 

A = a', b s= b', c = r', <fec. 

For since the two series are equal, whatever be the value of x, they 
are equal when j* = ; but, in this case, the first series becomes 

' ■ ■ - - , — — . -■ . -■ - ... _ — . 

* It appears to be not quite correct to ascribe the first discover}' of this 
celebrated theorem to Sir Isaac Newton, as it was known and applied in 
the case of integral powers before his time. (See Dr. Hutton's History 
of Logarithms). Newton, however, was undoubtedly the first discoverer 
of the theorem under its present form, since none of his predecessors had 
ever shown its application in the cases of fractional, or negative exponents. 
It is remarkable, that, although this theorem was one of Newton's 
earliest discoveries, he has left no demonstratron of it ; and be is therefore 
supposed to have inferred its generality from an induction of particular 
cases. (See Biot's Life of Newton,) 
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simply A, and the second becomes a'; therefore, a = a': and it also 
follows, that 

Bx -f ci' + Dx* -f &c. = b'x + c'a?' -j- dV -j- (fee. ; 

whence, dividing by x, and supposing j:=0, we have b=sb'; and, 
by proceeding in a similar manner, it may be shown that c = c', 
D = d', &c. 



INVESTIGATION OF THE BINOMIAL THEOREM. 

(124.) Let m be any positive number, either whole, or fractional ; 
and let it be required to exhibit the expansion of (a + jr)™, or of its 

equal a«(l + ~) ' 

1. In the first place, since every power, or root of 1 is 1, the first term 

X 

in the expansion of (1 H )»• must be 1 ; and, consequently, the first 

term in the expansion of a"» (1 H )"», or (a + x)"» must be a"». 

2. Hence it follows, that the first term in the expansion of 



(a -j- a7)»»' 



or of (a 4- 1)~"*, must be — , or a—"*. 

3. Therefore we may coDclude, that whether m be whole or fractional, 
positive or negative, the first term in the expansion of (a + ar)*" must 
always be a"». 

(125.) Let now the exponent w, of the binomial a -|- ^> be increased 
by 1 ; then the expansion of (a -j- j)'"+* will be equal to each term in 
the expansion of (a -j- x)^ multiplied by a -f- x ; now the first term in 
the expansion of (o + x)"* has been shown to be a**, therefore a»* x 
(a -|- jr) := ii"»+» -|- flw j: = the first term, and the literal part of the 
second, in the expansion of {a + jr)'"+' ; but as the complete second 
term may, for aught we know to the contrary, have a coefficient, 
B, it may be represented by bu^x, where b will be = 1, should there 
be no coefficient. Let the exponent of the binomial be again increased 
by 1 ; then the expansion of (a -j- xy+^ will be equal to each term in 
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the preceding expansion multiplied by a -f i*; now we have just seen 
that «"»+* -j- Bfl^j" are the two first terms in the preceding expansion, 
therefore, by omitting the coefficient of the third term, the value of 
which we are unable at present to foresee, we shall have 

(a-'+i -f Ba"»x) X (a + a?) = a"»+« + (b + 1) a»+'i? + a» »« 

equal to the first and second terms, and the literal part of the third 
term, in the expansion of (a + jr)'"+*. Increase the exponent of the 
binomial again by 1, tlien, in like manner, the expansion of (a + jr)»+' 
will be equal to each term in the preceding expansion multiplied by 
a '\- x; consequently, 

by omitting the coefficients, = av^+^ + fl^+'j? + fl«+»jr« ^ aFjfi^ 
the literal parts of the four first terms in the expansion of (a -|- j')'"+': 
and by thus continually increasing the exponent by 1 to n, we shall 
have the literal parts of 7i + 1 terms in the expansion of 

(a + ar)'»+'» = «"•+» -}- a"'+«— * x + a'"+*-'a' + «««+»•— s a:* -}- drc. 

where it is plain, that any term is equal to the preceding multiplied 

by — • 
a 

(126.) Now to determine the coefficients of these terms, it appears 
that if the coefficient of the second term in the expansion of (a + jr)»+* 
be B, that the coefficient of the second term in the succeeding expan- 
sion will be B -j- 1 ; therefore the difference between the exponent and 
second term must be the same in each expansion^ whatever be the 
value of 7w ; but, when w = 0, the coefficient of the second term in the 
expansion of (a -j- j:)'*'+*, or (a -\- xy is 1 ; and the difference between 
this and the exponent is 0, therefore the difference must be always ; 
that is, the coefficient of the second term in any expansion must be 
equal to the exponent. 

(127.) Put now wi + 71 = r ; and let 

(a + i)'-s=a»' + Ba'^-^x + ca'^-^x^ + Da^-^x^ + &c. ... (A) 

where b = r, and c, d, &c. are undetermined. Square each side of this 
equation, and we have for the square of the first side (a* -f 2ax + a*)'. 
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or by considering 2a*r + ar* as one tenn, it may be written thus, 
{(«* 4- (2«j: + x*)}*- ; the quantity within the brackets being a binomial, 
the first term of which is a*, and the second {2ax -f- x^) ; therefore, to 
exhibit the expansion of this, it will be only necessary to write a' 
instead of a, and (2ar + x^) instead of x in the expansion of (a -f j)*", 
and we have {a* + {2ax -f c^)Y = a** ^ ^^ir-i^ (2ax + x^ + 
ca^'^^2ax ^ x^^ + i>aKr^^^2ax + x^y + &c.,'and by actually 
involving the quantities within the parentheses, and writing the terms 
containing the like powers of x one under the other, the result is 

4- 4ca2»--2x2 4 8Da2^-3a3 + &c. J • • • • C^ ). 
Also, for the square of the second side of the equation (A), we have 

Now, since these series (a') and (b') are equal, whatever be the value 
of X, by the theorem previously demonstrated, the coefficients of the 
like powers of x are equal the one to the other; that is 

2b = 2b ; or . . . . b = b ; 

« . , b2 — B B(B — 1) 
B + 4c = 2c+ bS .-. c = — ^— = -i_ .^ 

. . ^ « . « c(B — 2) b(b — 1)(b — 2) 
4c4-8d=2d + 2bc, .-. D=-^-3 ^ =— ^^ ^^ ■ : 

and, by proceeding in the same manner, we shall find 

_ d(b — 3) __ b(b — 1)(b — 2)(b — 3) 
^"" 4 "" 2.3.4 

and also the remaining coefficients f, g, &c. in terms of b ; but those 
already deduced are sufficient to show the law of their formation, since 
it is obvious that the numerator of each is equal to the numerator of 
the preceding multiplied by an additional factor; and the denominator 
equal to the denominator of the preceding multiplied by an additional 
£urtOT; the factors in the numerator successively decreasing by 1, and 
those in the denominator successively increasing by 1 . 
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Now B has been shown to be equal to r; hence the expansion of 
(a -j- dp)r is 

&c. ; or restoring the valae of r = m -f n, and patting m = 0, we have 

1. (a-hx)" = 

« 3e • 3 

Patting m = — (s -^n), the series becomes 

2. (a + «)-• = 

p * 

Or, putting i» :^ •^- n, it becomes 

9 

p 

3. (a + x)9 = 

;> rP 



--1 -(^-0 ^-« 



p 



„» + £.„« x+i— ? «« «» 

9 2 

and putting m^ — (•^— + «), we have 
4. (a + xf9 = 

7 2 

- ' 2. a « *' + *«• 

which is the law of expansion that we proposed to investigate ; the 
first series showing the expansion when the exponent of the binomial is 
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apotilive integer; the second showing ihe expansion wfaeo the ex- 
ponent is a. negative integer; the tliird when the exponent ia a. positive 
fraction ; aod the fourth when the exponent ia a negative Jraction. 

(1 28.) But our proof of tliis law extends only to n + I terms; let 
us therefore examine the coefficientfi of the respective terras in the first 
series, with a view to ascertain to how many terms they can possibly 
extend. These coeiEcienla are 

1 . "("-D - n{n--i)in~2) «(«-l)(«-a)(H-3) 



Now it is obvious that this series of coefficients can never extend to 
that in which the numerator is ^ 

„(„_,) („_3)(„-3) („_„); t 

that ia, in which the negative term in the last factor is n; because 
n — n ^ 0, and, coosequently, the coefRcietit, and, indeed, the entire 
term would vanish, as well as all that follow il; therefore the series 
must terminate at the term immediately preceding this ; that is, at that 
in which llie negative term in the last lactor is n — 1 ; now the negative 
terra in the last factor is evidently always 2 less than the number of 
the term; thus, in the third term it is 1, in the fourth 2, &c., and 
therefore, when it Is n — 1, the term must be the ji + 1th; conse- 
quently, our proof extends throughout the whole series. 

(129.) But in the second, and the other two series, the exponents 
are entirely unconnected with n; these series will, therefore, be un- 
limited, since w -|- 1 terms may espress any number from 1 to infinity. 

(130.) Hence we conclude that when the exponent is a positive in- 
teger, aa n, tlien the series will terminate at the n + 1th term; but 
whan the exponent is either negative or fractional, the series will not 
terminate, but may be carried on lo infinity; as is also evident from 
the bare inapertion of the rerms, 

(131.) It also follows, that since In tlie espansion of (a-fr)', tlie 



etponent o 



a the first terra is n, and that of x, 0; and because the 



exponent of a in every succeeding term is decreased by 1, and (hat of 

J- increased by 1,tLe n -i- 1th, or last term, will be*" the last hut one 

Kv'-'f the last but two a',!"-", &c. (the coefficients being omitted), and 

^Em wilt evidently eoirespond to the literal parts of the Gist, second, 
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third, &c. tenns respectively in the expansion of (x + a)*, and there- 
fore the coefficients of the last, last but one, last but two, &c* terms in 
the expansion of (a -f xY, are respectively equal to those of the first, 
second, third, &c. terms in the expansion of (x -f a)», since the series 
themselves are equal ; but the coefficients of the first, second, third, 
8cc. terms in the expansion of (x + a)" must be the same as those of 
the corresponding terms in the expansion of (a + ^Yt therefore in the 
expansion of (a -f x)* the coefficients of the terms from the first to the 
middle are respectively the same as those firom the last to the middle. 

(132.) By making a and x each equal to 1, a curious property of 
the binomial may be exhibited, vix. 

m(m — \)(m — 3) , m(»i — 1) (m— 8) (m — 3) , . 

FTs + 2T3T4 + **•» 

that is, in any expansion of a binomial, whose terms are both positive, 
the sum of the coefficients is equal to the same power, or root of 2. 

Also, if a ss 1 and dr=-— 1, we have the following property, viz. 

(1 — 1)«, orO, = I — m + 

?n(m — 1) m(m — I) (m — 2) m(m — 1) (i» — 2) • 
2 2T3 + 2.3.4 ^^' 

that is, in any expansion of a binomial, one of whose terms is negative,* 
the sum of the coefficients is = ; and therefore the sum of the positive 
coefficients must be equal to the sum of the negative ones. 

On account of the great importance of the Binomial Theorem in 
every department of Analysis, we feel disposed to present the student 
with anodier method of investigating it But, not to detain him longer 
from its practical application, we shall postpone this second mode of 
establishing it till the close of the Chapter, (see page 1 78). 



Binomials of this kind are sometimes called residual quantities. 
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APPLICATION OF THE BINOMIAL THEOREM TO THE EXPANSION 

OF SERIES. 

(133.) 1, To expand (o + a*)" when m is a Positive, or Negative 

Integer, 

Make the first and second terms a*, and mn«— * j:, respectively ; then, 
to find the others, multiply the coefficient of the term last found by the 
index of a in that term, and the product divided by the number of the 
term will give the coefficient of the next term :* with respect to the 
literal parts, the powers of a are to decrease, and those of x increase 
by unity in each successive term. This will appear plain firom in- 
specting the expansions of (a -}- ^)* ^^^ (^ -h ^)'~*' 

Note. When m is positive, the coefficients need only be calculated 
as ^ as the middle term, those of the other terms being the same, 
taken in an inverted order (Art. 131). If one part of the binomial be 
negative, then the terms involving its odd powers must be negative. 



EXAMPLES. 

1. It is required to expand (a -j- xYf or to express the 8tb power of 
(a 4- x). 

Here 

The first term is a^ 

The second Sa^or. 

The third -^-^ a«i* = 28a«x«. 



* It is worthy of notice, that one or other of the two factors forming 
the product will always be exactly divisible by the number of the term, 
and that therefore in practice we may first perform the division upon one 
factor, and then multiply the quotient by the other, which is the simplest 
method of arriving at the desired coefficient. 

I 2 
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The fourth ??^a»«» = 56a»»'. 

The fifth £5-ilia*a?* = T0a*a^ 

4 

And from these the other terms are obtained (Note). 

Hence (a -f x)« = a» + 80^x4- 28a«x« + 56(i»«» + 70a* «* + 56a»«* 
+ 28a««« + 8(M?7 -f :t*. 

2. It is required to expand (x — y)', or to find the 9th power of 

(« — y). 

Here 

The first term is » c». 

The second . . • — 9s^y» 

The third ^ « ^ ^^y«=:8fljg7y«, 

Thefourth — !1^21I^yt--_84,6y». 

The fifth — ^a^y«s]26xV* 

Hence (« — y)» = i» — Oa^y -f 36x7 ^ _ 94^^ ^ i26x» y« — 
126xV + 84x»3/« — aOx'j/' -j- Oxj/*— y». 

3. It is required to expand (o + x)^ or -r . 

(a + a?)« 

Here 

The first term is .• ^ a*"*. 

The second 2<r-<^. 

The third Ill2LZl?a-»,«--3^-4^, 

ss 

Thefourth - ^^^^ a-gx»=s— 4<r-»x». 

<fec. <fec. Ac. 
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Hence (« + «)-•, or - — l—rt, =a-«— 2a-«arH-3a-*x« — 4a-««» 

(a + xy 

4a;> 

4. It ia required to expand (a + 2*)—*, or -p — - ^ • 

Here 

The first term is at-*. 

The second — 3a-*2x = — 6a-^x. 

The third Zll^lllia-*(2^)« = 24a-*d?«. 

2 

Ac. <fec. &C. 

Hence (a -f 2j?)-», or =s a-» — 6a-* « + 24a-« ap« — 80a-«*« 

I e* , 24af» 80*3 , ^ 1 , 6af . 24«« 
H- <fcc.; or -r- -{ -= j- -f <fec. =— (1 5- 

--^H-Ac.) 

5. It is required to expand (x — yy, or to find the 7th power of 

('~y). 

^'^• i 21x«y» + 7xy6 — y^ 

0. It is required to find the 7th power of (x -^ 2y). 

A«- 5 *^ + 14j^y + 84**y« H- 280xV + 560xV* + 672a^y« + 
^^' t448iy«-j-128y. 

7. It is required to find the cube of a + 6 + c, or of (a -f- *) + c, 
Ans. (a 4- by + 3(tt + bye + 3(a + 6) c* + c«, or a» -f- 3a«i + Sab^ 
-f 69 + 3a«c + 6aAc + 36«c + 3flc« + 36c» + c«. 
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2 
8. It l8 reqmlred to And the expansion of ^^ ^ ^y 



^ 2 4x ^ 6ar« 8a^ 



o« 



9. It is required to find the expansion of • ^ . - . , 



1 , 63 . 24A« 804» . - . 
Ans. — (1 ; _-4-<fec.) 



(134.) 2. To expand (a -f x)"ir, — being either Poiiiive or Negative. 

n 

Agreeably to the law of the terms already established, if we put q for 

—, we shall have 
a 



1 2 

(tf + 0?)- =o» + — AO H g — BQ H J— CO 4- Ac. 

where a, b^ c, &c. represent the first, second, third, &c. terms respec- 
tively. 

Or, 

ABC D 



, ."• - , m , m — n , m — 2n . „ 

(a-fx)- = a* +— AC f ^ BQ+ ^ CO -f <fec. 

which last form is the most commodious in practice, and differs but 
little from tliat in which the binomial theorem was first proposed by 
Newton, 
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EXAMPLES. 



1 . Express the falne of v 6* 4' ' ii^ ^ series. 
Here (a + *)* = (4* + «) , .*. a = i», m = 1, n = 3, and 



X 

Whence a" = (i*) ssi = A. 

m — n _^ J? X ^^ 2x' 

m~2;i 2a?» ^__ 2.5a* 

^^ »0=» ^ X 3 3 9^8 ^ 43 ~ "" 3.6.9 126" ""^* 
Here the.liKW of oontinoation is manifest; 

. V6rX^ = *4.J5 2^ 2.5^ 2.5.8X* 

^ ^ «^ 3.66* ^ 3.6.96» 3.6.9. 126»» ^ 

2. Find the falae of — in a series. 

Here -ss(6*-fa?)"^, .•.« = &«, ;n=-l, n=:2, 

(6« + r)i 

•r 
and Q = ^. 

- -J 1 

Whence a" = (6*) '=— =1. 

m 1 A' X 

"" AQ S5 — --- X To* — *~" -1/4 — ^* 

It 26 0' 26^ 
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m — n . 0? X 3«* 

4« »0 — -IX- g^J^TXir — 2.4.6.8^ ■■^' 
&c. <fec. <fec. 

1 1 « . 3«» 3.A»» . 3.5.7^* 



(^ + a?)i * 2A» ' 2Alfi 2AM'* * 2.4.tt.«6» 
3. Find the value of (6* — x)i in a series. 
Here a = 6', « ^ — a?, m s= 1, n =r2, and o =s — — r 



- * 

Whence a- = (*«r = fr =?. 



-.o = jix -35. = -^ = B. 

-^— BQ— i X — 26 X -•ji--2;5^,— c. 

»i— 2« I* a? 3^ 

-^— CQ — — f X -g;^^ X -J¥ — — iXiS*""'** 

m--3« g 3x» ^F 3.5t* 

-J— DO — - B X — 2.4.e6« ^ ""35" — — 2.4.6.867 — "' 

<fec. <fec. <fec. 

|_ a? «» 3ag» 8.5j* 

.-. {b - *) — * ■" 26 2.46« 2.4.66* 2.4.6.867 **^' 

4. Find tbe value of (6' — «)* in a series. 

d? 
Here a = 6*, op = — a?, m s 3, « =4, and c = — rj- 



6» 



a"=(6«)*=6* = A. 



Whence a" =(6*) 



m ., j a? 3a? 
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— - — BQ=- J X 7-x -Tr= r = c- 

m— 2« . 3«* * 3.5«» 

m— 3» „ 3.5ar* ar 3.5.0x* 

'*» 4.8.1261 ** 4.8.12.166^' 

<fec <fec. 4feC. 



(6»-i.)* = 6* ?fL_i^ b 



5x* 3.5.9a:* 



46^ 4.8^ 4.8.126i 4.8.12.I66lf 
«fec. Or, 

5. Express the valae of 1/7 in a series. 

Here i5/7 = (8 — 1)% .•. a = 8, jpss — 1, mssl, n=3, and 

. 1 



Whence 






-AQ = jx2x-2r=-3:ir=B. 

m — n 1_ _J 1 _ 

2ii ^"^ '^ 3.2» ^ 2» 3.6.2* "^^^ 

«t-2« __5 1 1 _ g _ 

3ii ^'^ '^ 3.6.2* ^ 23"" 3.6.0,27 ""''• 

m— 3it __8 is 5 ^J 5. 8 _ 

4ji "" "" * ^ 3.6.0.27 ^ 23 ■" 3.6.0.12.2'« "" ** 

<fec. <fec. <&c. 

, L_— i i 5.8 

•'•>^^'~ 3.2« 3.6.2* 3.6.0.27 3.6.0.12.2»o 

i3 



178 OV TBS BIHOMIAL THEOEEM. 



tf . Required the value of ,J(^ -f- « in a teries. 






7. Required the ?alae of in a series. 

(c«-x)i 



. a . 3»« 3.&r» , 3.6.7*« , . 



8. Required the value of (a + x)t in a series. 

9. Required the value of ^ in a series. 

'^°** "^ 3.2« "" 3.6.2* ■*" 3.6.0.2^ 3.6.0.12.2'* "^ 

10. Required the value of nji in a series, 

1 1 . Required the value of (a* — jt*)* in a series. 

1 , - 3r» 3«« 5«« 5.01® 



(135.) We promised, at page 170, to present the student with an- 
other method of investigating the Binomial Theorem. The method 
which we had in view is that which follows. 

It has ahready been shown (page 165,) that the first term in the de- 
velopment of (a + «•)» must always be a», we may assume, therefore, 

m n* 

(a ^- a?)* = o* + B»-f C**+ Djf* + &c. 
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or, changing k into y^ 

hence, by subtraction, 

(a + xf (a -|-y)» =B(» -y) -f C(*»— y«) + D(>^y») -f &c. 
and consequently, 

M M M Nt 

If now we were to suppose or = ^, the second member of this equa- 
tion would present itself in a definite and intelligible form ; but the 
first would become ^, a fraction in which both numerator and denomi- 
nator have vanished. As however this vanishing fraction has a definite 
value, shown by the second side of the equation, there can be no 
doubt that its ambiguous form, ^, must have arisen from some common 
factor in the numerator and denominator of the original fraction having 
become 0, by putting in that fraction x s= y* If then we could dis- 
cover this common factor, we should be able, by expunging it from 
both numerator and denominator, to free the fraction from all am- 
biguity, and the result of our hypothesis, x^^y, would then be definite 
in form as well as in value. Now we shall be able to effect this by 
transforming our fraction into another of equivalent value, by means of 
the following substitutions. 

Put 2c =s (a -f- «)», t; = (a -f- y)* .*. x — y := ae* — t**, and, conse- 
quently, 

"*" "" ^ = B 4- C (X + y) -f D (1* -h t/i -h y*; -f 



»* — tr* 



E (i» -f. yx^-^-y^x -f- y*) + <fec. 



* The theory of vanishing fractions \( ill be found fully discu^^sed in the 
volume on the Theory of Equations. 
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Now bodi numerator and denominator of the first member of tbk 
equation are divisible by u — v, and u — v is the very £ictor which 
vanishes foi xz=y, a» is at once seen by referring to the substitutions 
just proposed. This £u:tor will be removed by actually dividing nu- 
merator and denominator by ti — v, which reduces the fraction to 



Introdacing now the proposed hypothesis, x:=yy which leads io vssu, 
we have 

5!^ — 2i!l! = B + 2 C» -f 3Dj« + 4 E*» 4- &c. J 
that is, by restoring the value of v. 



m (fjiLf)!-_B^2Cx + 3D*»4-4Ea»4-<fec. 

Multiply both members by a-^-x, and then, instead oi (a -f- «)* in tto 
first member, write its developed form with which we set out, and we 
shall have 

— o»-|- — Bop-I- — Cj*H 01* + <fec.ss 

n n n n 



Ba + 2Cfl 
B 



jr4-3Da 
2C 



«»4-4Ea 
3D 



*»4- <fec. 



Hence, by the theorem at page 164. 



Ba = — o*, therefore B =s — a" 
n n 



m 



2Ca4- B = — B C=: 



2a 



(--.2)C 

3Da + 2C = — C D=:— ^? 

n 3a 
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(i^-3)D 

4Ea + 3D=s-D E=— !^: » 

n 4a 

dec. dkc. 

CoDfleqaentlyy 

mm 

MM M , ( "~ •» J M » 

(a-^ ai)*=za'*'\ a* «-f a* x*-f 

n 2 

II « ft — — * 

In this demonstration m and n may obviously be any whole numbers 
whatever, and m may be either positive or negative. 

(136.) By the aid of the binomial theorem, we may, by a simple and 
elegant process, obtain the development of a' in a series according to 
the ascending powers of x. The quantity a* is called an exponential 
quantity, and the development of which we speak is called the ex- 
pcnential theorem : this theorem we shall now investigate, on account 
of its importance in the theory of logarithms, and in other departments 
of analysis. 

The Exponential Theorem, 

We are here required to exhibit the development of a* according to 
the ascending powers of x. We shall commence by showing that the 
proposed form of development is possible. 

Pat a = 1^ 6 .•• o*^ (1 -j- by, and, by the binomial theorem, 

and it is obvious, that if the multiplications indicated by the nomeraton 
in the right hand member of this equation were actually executed, the 
result would be a series of monomials in x, in a^, in a^, <fec., which we 
might arrange in a regular ascending order. The term in x is ascertain- 
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able at once from mere inspection, it is {6 — "S" + "t :; + <fec*} '^i 

2 o 4 

80 that we may safelj conclade that a« maj be developed in the form 

b^ l^ b* 

Having thos aeen the possibility of the proposed development, let us 

assume 

o*= 1 + A* + Bjf» 4- Co* +&C. 



> (1); 

-3 



in liJce manner, av =: 1 -f. Ay -f By* 4. Cy* -f Ac, 
.'.by snbtracUon^ 

a«— ay = A(jf-y)+B(*»— y«)4-C(«» — y»)-f &c (2). 

Again, by the original assumption (1), 

oC*-y) = 1 4- A (« — y) + B(« — y)»-f C(«-^y)3 + «fec., 
or transposing the 1, and tiien multiplying each member by av, 

a« — ay=say{A(« — y) + B(«— y)«-f C(«— y)» + <fec.} . . . (8). 

Hence the second members of (2) and (3) are equal ; these we may sim- 
plify by dividing each by « — y. Perform this division, and in the 
quotients put x =y, then the second member of (2) will become A -|- SBx 
4- 3 Cjt' 4- <&c., and that of (3) will be reduced to simply A . ov, or, 
which is the same thing, to A • a*; hence, substituting for a* the series 
which we have assimied for its development, we have this equation for 
determining the assumed coefficients, viz. 

A 4- 2 Bar + 3 Cx« 4- 4 D*3 4- Ac. = A (1 4- A* 4- Bx« 4- Ci» 4- &c.) ; 
hence, comparing the coefficients of the like powers of x, we have 

Hence (1), 

a'=14-Ax4--^4-^4-^73T4+^-' 
which is the exptmential theorem, and in which 

A = (a — 1 ) — i (« — 0' 4- K« — 1 )* — &c. 
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CBAPTBlt VZ. 

ON LOGARITHMS AND THEIR APPLICATIONS. 

(137.) LooARiTUMs are certain numbers invented by Lord Napier 
for the purpose of fecilitating arithmetical computations by reducing 
every numerical process to the simple operations of addition and sub- 
traction. To understand how this is effected, we must consider every 
positive number as a power, whole or fractional, of some assumed root 
fixed upon at pleasure ; from this root all positive numbers are sup- 
posed to be generated, by involution or evolution, and it is the exponent 
of thb root which is called the logarithm of the number or power ge- 
nerated. A table therefore containing the logarithms of the numbers 
1, 2, 3, 4, &c. is nothing more than a table of the several exponents 
which the assumed root must take to produce the numbers 1, 2, 3, 4, 
&c. Thus, if a be any assumed number, and such values be succes- 
sively given to x that will make a' =s 6, a* := c, d^ =s dy &c., then these 
different values of x are the logarithms of 6, c, d, &c. respectively : If 
jTssO, then 0':= 1, whatever be the value of a, (Art. 38, Chap, i.); 
hence the logarithm of 1 is always 0. 

(138.) The assumed root a is called the 6ase of the system of loga- 
li&ms, and from different bases different systems of logarithms must 
evidently arise; but it has been found to be most convenient to assume 
10 for the base, and upon this assumption all our modem logarithmic 
tables are constructed* The advantage of the base 10 over every other 
base will be seen hereafter. 

(139.) Assuming therefore a = 10, we have 

100 = 1, 10' = 10, 10*= 100, 10>=1000, <fec. 

that is, the log. of 1 is 0, the log. of 10 is 1, the log. of 100 is 2, the log. 

of 1000 is 3, <fec. 

Al8ol0-» = *, 10-»=^, 10-^=TJbo> &c.; 
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that iB, the log. of ^ is — 1, the log. of ^ it — 2, the log. of ^ is —3, 

<fec. 

(140.) Hence, since the log. of 1 is 0, and the log. of 10> 1, it 
follows that the log. of any number between and 10 must lie between 
and 1 ; and in the same manner the log. of any number between 10 
and 100 must lie between 1 and 2, &c., and therefore these logarithms 
may be either accurately found, or may be approximated to, to any 
degree of precision* But before we explain the method of obtaining 
this approximate value of the logarithm of any given number, it will 
be convenient to establish the following characteristic properties of 
logaridmis. 

(141.) TuEOREM 1. The sum of the logarithms of any two numbers 
is equal to the logarithm of their product. 

Let b be any number, and let its logarithm be x ; and let c be any other 
number, whose logarithm is af\ then a*^h, and a^ssc\ and by mul- 
tiplying, 0'+''=: be; that \SfX-\-af is the logarithm of be. 

Cor, 1 . Hence the sum of the logarithms of any number of numbers 
is the logarithm of their product. 

Cor. 2. Therefore n times the logarithm of any number is the 
logarithm of its nth power. 

Theorem 2. The difference of the logarithms of any two numbers 
is equal to the logarithm of their quotient 

For since o'= b, and a** = c, by dividing, 

— - = a*-** = — , that la, x — «'=: log. — • 

Theorem 3. The nth part of the logarithm of any number is equal 
to the logarithm of its nth root. 

* i ^ 1 

For if a* = 6, a» = b% that is, — = log. b* 

ft 

Theorem 4. If there be any series of quantities in geometrical pro- 
gression, their logarithms will be in arithmetical progression. 

Let the geometrical progression be b, nb, n^b, n^b, (fee, and let « be 
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the log. of b, and z the log. of n ; then a^:ssb, and a*s=sn, therefore the 
progression is the same as 

«», 0*+*, a'+«*, a*+»«, «fec., 

where the logarithms x, 9 + z, x-\-2z, x -f ^h <^c. are in arithmetical 
progression. 

PROBLEM. 

(142.) To find the logarithm of any given number. 

Let N be any given namber, then it is required to find the valae of a in 
terms of a and v, so that we may have a* r= n. For this purpose, put 
a = 1 4- »*> and n = 1 -f » ; then (I + »«)* = 1 -f «> an<J therefore 
(1 4- m)F9 s= (1 4. i»)y, whatever be the value of y ; hence, by expansion, 

1 + ^ + 5^y^) «. + ^(»y-i)(»y^:j) ^ ^ ^^ ^ 

2 2.3 

or expunging the 1, and dividing by y, we have 



Suppose nowys=0, and this equation becomes 






, r, . \ *» — !«' + i«' — «fec. 

whence x = log. (1 -j- «) s=s . ^ . 1 a 5— 5 

° ' ^ »i — Imr 4- Jw' — Ac. 

or substituting for n and m, their respective values n — 1, and a — ], 

i«r ■■_ (N-i)-K^-i)»4-K^-i)»-&c. 

^* "■(a-l)-J(«-0' + J(«-l)'--«fec/ 



we have 
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Hence we hare the value of log. n in terms of n and a ; but thu ex- 
pcession for the logarithm of any number is of but little use in con- 
structing a table of logarithms, we must dierefoie investigate a method 
of finding other expressions that may be more suitable for this purpose. 

(143.) Since the value of the denominator of the above fraction 
depends entirely upon the value of the base a, it will accordingly differ 
in different systems of logarithms ; but the numerator being wholly in- 
dependent of the base a, must be the same in every system. 

(144.) The reciprocal of the denominator is called the modului of 
the system, and is usually represented by m ; so that we have 

log. (1 -I- fi) = M (n— 4n« + Ja' — 1»»* -f <fec.); 

and suppoeing n negative, 

lc^.(l — »)s=m(— n — in«— J»» — In* — «fec.)5 

and subtracting this equation from the former, 

log. (1 -I- n) — log. (!-««)= log. I^tl? (theo. 2) = 

1 •— n 

2m (n 4- J»» -h J«» -f <fec.> 
(145.) Now, since this is true for every value of w, put 

ss n. then 

2p -I- 1 ' ^ 

2p -f 2 , ^ 2p 

1 4* M == - — ^,-, and 1 — n = - — r-r, 

consequently, 
Jog. (P + 1 ) - log. P = 3m (^-^ + ~:^, + J—Tf). + 

<fec.)j 



1 -f n P -f 1 
1 — « p * 



> 



log. p. 
Hence, if log. p be given, the log. of the next greater number may be 
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found by this series^ which converges* very fast, and therefore, since 
the log. 1 is given r= 0, we can from this get log. 2, and thence the 
logs, of all ^ natuial numbers in succession. 

(146.) To oonsttmct a Table tf Napierian^ or Hyperbolic Logarithms. 

Before we can employ the series which we have just given for the 
purpose of forming a table, we must assign some value to m, and as 
this value may be arbitrary, let it be 1, which is the value assumed by 
Napi^, the inventor of logarithms, we shall then have 

to«- (•■ + 1) = 8 (57^1 + rpr^no* + « (sfW "^*"-^ "*■ "^^ 

and making p successively equal to 1, 2, 3, &c., we shall have 

log. 2==2(J-|.i.+^+ifec.) = -6931472 

log. 3 = 2(4^ ~p + 3^+&cO+log.2 . . . =:1-O086123 

log. 4 = 21og.2(tbeo.l) s= 1 •3662944 

log. 5 = 2(J4-37g5-|-579i-^*<^-) + log.4 . . . =1-6094379 

log. 6 = log.2-|-'log-3 =1-7917595 

log. '' = Hh+J^,'\'J^s'^^^y'^^''«'^ • =1-9459101 

log. 8 = 31og.2 . . . =2-0794415 

log. 9 = 21og.8 =21972246 

10^.10 = log. 2 + log. 5 =2-3025851 

&c. *«• 

* A series is said to converge when its value is finite, its terms diminish 
in such a way that the more of them we take, setting oat from the first, 
the nearer will their sum approach to that of the entire series. The more 
rapid the rate of diminution is, the greater is the convergency of the 
series, that is, the less will any proposed number of the leading terms 
differ from the whole sum. (See the new edition of the ** £s8ay on 
Logarithms.") 
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By proceeding in this way, the logarithms of all the natural numbers 
according to this particular system may be obtained ; but tables con- 
structed conformably to this system, in which we see the logarithm of 
10 is 2*3025851, are by no means so advantageous for the general 
purposes of computation as those in which the logarithm of 10 is 1, as 
has been before observed; we shall therefore show how 



(147.) To construct a Table of Common Logarithms, 

In the system of common logarithms, the value of M is to be deter- 
mined from the suppo»tion that the base a is 10, and as the value of 
the logarithms in any system depends entirely on the value of 2m, if 
this value in one system be r times that in another, the logarithm of 
any number by the former system must be r times that by the latter, 
and vice versa; now, in the hyperbolic system, the logarithm of 10 is 
2*3025851, therefore, in order that the logarithm of 10 may be 1> the 
value of 2m, in the common system, must be the 2* 3025851th part of 
its value in the hyperbolic system ; but in this system 2m z=z 2, there- 

2 

fore, in the common system, 2m = i= *86858896 : heoce, 

^ ' 2-3025851 

to construct a table of common logarithms, we have 

log. (P + 1)= .86858896 (^ + ^^-j^. + ^^±^ + 

«fec.} + log. p; 
that is, by making p = 1, 2, 3, <fec. succesBively, 

log. 2 = -86858896 (J 4-47+ 7^ + Ac.) .... =-3010300 

log. 8 = -86858896 (i + ^-^, + 55" + ^^'^ + ^®8- 2 = -4771213 

log. 4 = 2 log. 2 > =-6020600 

log. 5 = *86858896 (J + -^ + -^. -f &c.) -f log. 4 = -6980700 

log. 6 = log. 2 4- log. 3 =-7781513 
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7 :s= -86858806 ^ + -i^,- + j^ + Ac) + log. 6 

8 = Slog. 2 = *90a0900 

9 = 2 log. 3 s •0542426 

10 = log. 2 4- log, 6 =1-0000000 

. in this manner may a table of common logarithms be constructed; 

since the logarithms in the hyperbolic system are 2-3025651 
es those in the common system^ from having a table of the one we 
f form from it a table of the other. 

148.) In common logarithmic tables, the decimals only of the 
irithms are inserted, and the integral part, which is called the index^ 
•haracteristiCf is omitted, because this integral part is always known 
Q the number itself, whose logarithm is sought ; for if tliis number 
sist of two integral figures, it must be either 10, or some number 
ween 10 and 100, and, consequently, its logarithm must be either 
>r some number between 1 and 2, that is, the integral part must be 

In the same manner, if the number consist of three integers, the 
igral part of its logarithm must be 2, &c., so that the index, or 
lacteristic, is always equal to the number of integral figures in the 
posed number, minus 1 . 

^149.) It also follows, that in this system the logarithm of any 
nber, and that of one 10 times as great, differ only in the index, the 
:imal part being the same; so that the decimal parts of the logarithms 
all numbers consisting of the same figures remain the same, whether 
se figures are integers or decimals, or partly integral and "partly 
simal; thus: 



log. 3526 =3-5472823 

3526 
log. 352-6 = log.— — =log. 3526 — 1 = 2-5472823 

352*6 
tog. 35«26 = log. = log. 352-6 — 1 = 1 -5472823 

35*26 
log. 3-526 = log. —— = log. 35-26 — lc= '5472823 
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Q.AOA 

log. -3526 = log. ^^ = log. 3-626 — 1 = T-5472823 

log. -03526 = log. -^^ = log. •3526 — 1=2-5472823 

-03526 
log. -003526 = log. = log. -03526 — 1 = 3-5472823 

&c. «fec. 

Abo, 

• log. ^^ = — 3-5472823 

^^^•l5?6" =-2-5472823 

^^- -35^ =-1-5472823 

<fec. (&C. 

We may now perceive the superiority of this system above every 
other, since the above property, which belongs only to this particular 
system, will evidently greatly facilitate the construction of a table, it 
being only necessary to compute the logarithms of the whole numbers; 
whereas, in every other system, each particular number, whether in- 
tegral or decimal, requires a particular logarithm. 

These advantages of the present system were first suggested by 
Mr. Briggs, soon after the invention of logarithms, and on this account 
are sometimes called Briggs's logarithms. 



To determine the Napierian Base, 

(150.) We have already remarked, that, in Napier*s system^ the base 
was that particular value of a which satisfied the condition 

(a — ]) — J(« — 1)' + J(« — 0' — &c. = l. 

Let us call this particular value e, then, by the exponential theorem, 
(p. 181), 

^=^+'+f + 2T3 + T:T:T+*^- 
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which for s ^ 1 , gives for the hase e the value 

which may be thus calcalated : 





i 
4 


2 • • • =:a 


i 


= 


•5 . , =b 


it 


= 


•1666666666 = c 


ic 


= 


416666666 = d 


i'l 


= 


83333333 = e 


l" 


= 


13888888 =/ 


1/ 


:= 


1984121=^ 


is 


= 


248016 = h 


I* 


= 


27657 = 1 


*•• 


s= 


2755 = k 


A* 


= 


250 = / 

• 


A' 




21 =s»i 




2-718281828- 



hence the raloe of the Naperian or hyperbolic base is 2*718281828. 

What is here said upon the subject of logarithms is doubtless suffi- 
cient to convey to the student a correct notion of their nature and pro- 
perties, as also of the practicability of constructing a table of them to any 
extent. The labour, however, of actually computing a whole table of 
logarithms by means of the series here investigated, would be great in 
the extreme ; they are, however, susceptible of a variety of transforma- 
tions much better adapted to the use of the computer. To explain and 
exhibit these would cany us too far into the business of series, and 
would occupy too large a portion of this treatise. But the inquiring 
student, who is desirous of ample information upon the most expe- 
ditious methods of calculating a table of logarithms, may refer to the 
second edition of the author's ** Essay on the Computation of Loga- 
rithms;'* and the manner of using a table thus constructed is fully 
explained, in the introduction prefixed to the ^' Mathematical Tables/' 
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APPLICATION OF LOOA^ITHMS. 

LOOABITHMICAL ARITHMETIC. 

(151.) From what has been already said on the nature and pfo- 
perties of logarithms^ the following operations, performed by means of 
a table^ will be readily understood without any further explanation. 

Example 1. Multiply 23*14 by 6*062. 

Here the log. of 23*14 in the tables* is 1*3643634 
log. of 5*062 .... •7043221 



2*0686855 == log. of 117*1347 ;= 

the product. 
2. Divide '06314 by *007241. 

Here the log. of '06314 is 2*8003046 
log. of '00724] 3'85e7985 



•9405061 as log. of 8*710792 ss tile qnotieiit. 
Required the fourth power of *09163. 
Here the log. of -09163 is 2*9620377 

4 



5*8481508 = log. of *0000704938. 



Required the tenth root of 2. 

loflf. 2 0*30103 
Here ^^ == — j^ — =-030103 = log. 1 07179. 

8* X i/^ 
Required the Talue of ^^ . 

Here 5 log. 8 + ^ log. 7 — ^ log. 6 s=: 4*51545 + •2816903 — '16S(m» 
= 4-6415191 = log. 43794*53. 

. I ■■!■■ !■■ .11 I . ■* ■-■■ 

* The tables employed are Young's <' Mathematical Tables," com- 
puted to seven places of decimals. 



Required the yalue of 
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24«X Vl7 



4821 X 6^ 

Ana. 78*64^6]. 



Required the value of J 5?!^^ 

43» • 



Ans. 



5*72835 



The few examples here given are sufficient to show the great advan- 
tage of logarithms in abridging arithmetical labour, in which indeed 
consists their principal, although not their only value. There are many 
analytical researches which it would be impossible to carry on without 
their aid, and many others in which the introduction of logarithmic 
formulas greatly facilitates the deductive process. It would be, easy to 
propose questions, the solutions of which might be comprised in a 
few lines by logarithms, but which, without their aid, would occupy 
many volumes of closely printed figures. The follovring is a striliing 
example. 

Let there be a serieii of numbers commencing with 2, and such that 
each is the square of that which immediately precedes it: it is required to 
determine the number of figures which the 25tb term would con8i8t of. 

The series {uroposed is obviously 

2, 2«, 2S 28, 2", Ac. 

the exponent of the nth term being 2*^^ and consequently the exponent 
of the 25th term is 2''* == 16777216; consequently, calling the 25th term 
X, we have 

ar--2i«777««, whence log. «s= 16777216 log. 2 

= 16777216 X -30103 

= 5050445-33248; 

hence, since the index or characteristic of this logarithm is 5050445, the 
number answering to it must consist of 5050440 figures, so that the 
number x, if printed, would fill nine volumes of 350 pages each, allowing 
40 lines to a page, and 40 figures to a line. 
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ON EXPONENTIAL EQUATIONS. 

(152.) An exponential equation is an equation in which the 
known term is expressed in the form of a power with an uDkn 
index ; thus^ tlie following are exponential equations : 

a'-^b, a!*=ia, a^s=c, &c. 

(153.) When the exponential is of the form a», the value of/ 
readily found by logarithms; for if a* = 6, we have 

X log. a = log. 6« .*. or = 



log. a 
Also, if a^ = c, put h*ssy, then aPs^e, whence y log. a = log.c : 

... «r=i2?l£-, put this = rf, theni» = d, .-. * =-1^. 
log. a iog. * 

(154.) But if the equation be of the form a* := a, then the nlae* 
jr may be obtained by the following rule of double position. 

Find by trial two numbers as near the true value of j as po^l 
and substitute them separately for x^ then, as the difference of ^, 
results is to the difference of the two assumed numbers, so is the i^ 
ference of the true result, and either of the former, to the differed 
the true number and the supposed one belonging to the resal: 
used ; this difference therefore being added to the supposed oi 
or subtracted from it, according as it is too little or too great, ^ 
the true value nearly. 

And if this near value be substituted for x, as also the nearest ^ 
first assumed numbers, unless a number still nearer be found, t^ 
above operations be repeated, we shall obtain a still nearer TibK^l 
and in this way we may continually approximate to the true nhK 



ON EXPONENTIAL. EQUATIONS. 195 



EXAMPLES. 

1. GlTen s*iszlQO,io find an approximate value of s, 

' Here a log. a = log. 1 00 ^ 2, 
and npon trial » is found to lie between 3 and 4 ; 
.*• sabetituting each of these, we have 

3 log. 3 = 1*4313639 
and 4 log. 4 = 2*4082400 



.*. '0768761 =s difference of results. 
••• 0768761 : 1 : : 4082400 : •418, 
whence 4 — *418 = 3*582 = a? nearly. 

Now this Talue is found, upon trial, to be rather too small ; and 3*6 is 

found to be rather too great -, therefore, substituting each of these, we 

have 

3*582 log. 3*582 = 1*9848779 

3*6 log. 3*6 =2*0026890 



.*. *0178111 =diff. of results. 
.*. 0178111 : *018 :: 002680 : 002717, 
whence 8*6 — -002717 = 3*597283 = » very nearly. 

The operation of solving the equation x'=sa may be conducted 
differently, by using logarithms throughout; thus, in the equation 
X log. X ss log. a, call log. x, x' ; and log. a, a' ; then xx* = a', .*. log. x 
4- log. s'sslog, t/, that is, y 4- log. ^ = log. a; hence we have to 
find a number y, which, when increased by its log., shall be equal to 
log. a, which may be effected by the rule of position before given. 

Thus, taking the same example as before, viz. x* = 100, we have 
log. 100 = 2 = a', and log. 2 = '3010300; .*. x' + log. j/ = *3010300, 
and the nearest value of a^ in the tables below the true value is *55507, 

which added to its log. "1*7450514, gives •3010214, and .*. the nearest 

k2 
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▼alue above tbe tratb is 'SSddS, which added to its log. 1 -740592^ gives 
'3010392 ; heoce, by the rule : 

3010392 3010300 

3010214 3010214 



178 86 



.*. 178 : 1 :: 86 : 483, 

consequently y= •55507483 = log. a?, .•. x = 3*597284. 

If a be less than unity this solution fails, since a is then negative, and 

therefore the log. a' is unassignable. But if we put x = — , and a = -n 

y 

we shall have, by substitution, the equation ^ =^, .'. y log. 6 = log.y ; 
put log. 6 = *', and log.y = y', theny*'=y', .•. log.y -f log. 6'= log.y, j 
or y' -f log. 6' = log. y* ; whence y' may be found by the preceding rule. 

2. Given ^ = 5, to find an approximate value of x, 

Ans. d7=: 2*1289. 

3. Given x* = 2000, to find an approximate value of x. 

Ans. * = 4*8278. 



COMPOUND INTEREST. 

(155.) Interest is a certain sum paid for the use of money for any 
stated period, and when the interest of this money is regularly received, 
the money, or principal, is said to be at simple interest; but when, 
instead of being regularly received, it is allowed to go to the increase 
of tfie principal, then the interest of the whole is called compouDd 
interest, 

(156.) An annuity is a yearly income, or pension. 

(157.) The present value of an annuity is that sum which, if put out 
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at compound interest, shall amount to sufficient to pay the annuity at 
the time it becomes due. 

(158.) Problem 1. To find the amount of a given sum fn any 
number of years at compound interest. . 

Let r represent the interest of 1/. for 1 year, and put \L -\- r^=R^ihe 
amount in 1 year. 

Then 1/. : r :; r : r^ s= the amount in 2 years, 

1/. : R : : r' : r^ = the amount in 3 years, 

<&c. 

Therefore r** is the amount of 1/. in n years, and, consequently, the 
amount of £p is pB,\ .*. calling the amount a, we have log. a = 
l<>£»* P '\'f^ i^S* ^f ^^^ log* p = log. a — n log. r. 

Or. 1. Log. ^^^2klZzl^LZ, ^ n = !28^Llli2«J'. 

n log. R 

Therefore any one of the quantities a, p, r, n, may be found from having 
the others given. 

Oir. 2. If a s= mp, then 

log. mp — log. p log. m + log. p — log. p log. m 

"" log. R "" log. R log. R 

(159.) If the interest, instead of being due yearly, is supposed to 
become due half-yearly, quarterly, or after any other given period, then 
n, of course, instead of representing years, represents some number of 
those periods, r being the interest hr one period. 



EXAMPLES. 

1 . How much would 300/. amount to in 4 years, at 4 per cent, per 
aimam compound interest ? 

Here ;?s= 300, r= 1 -|- ^ = 1*04 and « = 4 ; 
.*• log. a = log. ;? 4- n log. r = log. 300 + 4 log. 1*04 = 2-5452545. 

the number answering to which in the tables is 350*0575 .*. the amount 
U350/. 19«. Hd, 
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2. How mnch money must be placed out at componnd interest to 
amoant to 1000/. in 20 years^ the interest being 6 per cent. ? 

Here a = 1000, Bsl -|-^s=l*06> and ns20; 

.*. log. /) ss log. a — It log. B as log. 1000 — SO log. 1*05 vb 2-^7(»14, 

the number answering to which is 376*80 : 

.*. the principal is 376/. 17<. d^d, 

3. At what interest most 300/. be placed oat to amount to ^60L 10«. 8d. 
in 4 years ? 

Here p = 300> a = SdQ'OSt, and n =4 ; 

... log. . = loS-0-loS-y ^ log. 350-957 -log. 800 ^ ^^^^ 

n n 

the number answering to which is 1*04 : 

.*. r = '04, and '04 X 100 = 4^ the rate per cent. 

4. In how many years will 400/. amount to 540/. at 4 per cent coni- 

pound interest? 

Here/7 = 400, a = 540, and r = 1 + ^J^s 1*04 : 

log. a — log. p log. 540 -^ log. 400 aSOSSSS 
' * "^ log. R "" log. 1*04 "" •0170333 

7*65 years. 

5. What will 600/. amount to in 6 years at 4) per cent, compound 
interest^ supposing the interest to be receivable half-yearly ? 

2*25 
Herep = 600, w = 12, and R = 1 -f -— • = 1«0225 ; 

.*. log. a = log. p H- « log. R = log. 600 4- 12 log. 1*0225 = 9*8041109 j 
the number answering to which is 783.63 : 

.*. the amount is 783/. 12«. Id. 

6. In what time will a sum of money double itself at 5 per eeot. com- 
pound interest ? 

Here m = 2, and r = 1*05 ; 
log. m log. 2 *3010300 , ^ «^^ 

••• « = i3irjr= -toirroB = ^oamoa = »*-2«» = Hi yew, newly. 
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7. In what time will 500/. amonnt to OOOA at 5 per cent, compound 

interest ? 

Ai^* in 12*04 years. 

8. What would 200/. amoant to, if placed oat for 7 years at 4 per cent. 

compound interest ? 

Ans. 263/. 3«. 8^^. 

9. At what rate of compound interest must 370/. ]7«. 9d, be placed out 

to amount to 1000/. in 20 years ? 

Ans. 6 per cent. 

10. In what time will a sum of money double itself at ^\ per cent. 

compound interest ? 

Ans. 20.149 years. 

Problem ii. To find the amount when the principal is increased 
not only by the interest, but also by some other sum at the same time. 

The amount of the original principal pinn years is pw^^ and if a be 
the sum that is continually added, the first a will be at interest n — 1 
years ; the second wiU be at interest » — 2 years> (&c., and therefore the 
sum of their amounts is 

AR*-' -fAR»-'+ AB»-*, or 

a(r«->4- r»-«-|- 1). 

Now the terms within the parenthesis form a geometrical progression, 
whose first term is r"'', and ratio r, therefore the sum will be a x 

— ; .*. the whole amount is pK^ -f- a x ■ , or, when a = o, 

R— 1 T 

then a z^^^ — - 

r 

If, however, a is not added the nth year, then we have a = pn* -f 

ar(r»->— I) . /jrCr" — 1) 
— ^ 'f or when a =d, as=- • 

Cor, 1. If, instead oi p = a, we have j9 =s 0, then a = -^^ j 

T 

which expresses the amount of an annuity a, at compound interest, left 
unpaid for » years. 
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Car. 2. U p be tha pieMot valoe of the aiminty a for » yearii, p miut 
be sacb, that if it were pat oat at compound interest for n years> it would 
amount to tbe same sum as the annoltyy Uiat is^ we mast have pr" = 

A(.'-i) , *(*-?:> 

-^ , whence p = • 



Cor. 3. If n be infinite^ then — will vanish. In which case we shall 

R" 

have p= — • 
r 



EXAMPLES* 

1. Suppose 300(. be pat out at compound interest, and that to tbe 
stock is yearly added 20/., what will be the amoant at the expiration of 
6 years, the interest being 4 per cent.? 

Here p = 300, a = 20, and r r= *04, 
.-. a=;?R* -f- ^'^('^*"' - ^) -- 300(l-04)« + 

T 

2Qxl'04[(l'04y-l] 
•04 

Now log. 300(1.04 )<i= log. 300 + 6 log. 1*04 = 2.5793211 

= log. 370-505, 

and log. (l-04)<» = 5 log. 1*04 = -0851665 = log. 1*216652 : 

.*. 0=379*595 + 500 X 1*04 X '216652 = 492*254 =492/. 5«. Id. 

2. How much will an annuity of 50/. amount to in 20 years at 3| per 
cent, compound interest ? 

3*5 
Here a =50, r=-— -jr- =*035, and n = 20. 



_ a(r'« ~1)_ 50(1*035*>-~1) 
••''- r "" ^5 ' 
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now log. (1085)»s=:20 tog. 1*03)5 =s -298806 =a log. i:980t84: 

.•. a = ^^^-— = 1413/. 19#. Id, 

.035 

3. Required the present value of an annuity of 50/. which is to continue 
20 years at 3^ per cent, compound interest. 

By the last question^ the amount is 1413/. 19«. 1d.f also r = 1*035> 
and n =20: 

.-. PR« = 141398, .-. log. p = log. 1413.98 — n log. r = 2-8516372 r= 

log, 710-62 r= 710/. Us. 4d. 

4. If the annual rent of a freehold estate be £a, what is its present 
value at 5 per cent, compound interest ? 

A A 

Here, since n is infinite, p = = -— — = 20a ; that is, the pre- 

neat value is 20 yearo' purchase. 

5. What is the amount of an annuity of 30/. forborne 16 years at 4^ 
per cent, compound interest ? 

Ans. 661/. 11«. A\d» 

6. In what time will an annuity of 20/. amount to 1000/. at 4 per cent. 

compound interest? 

Ans. 28 years. 

7. What is the present value of a perpetual annuity of £a, allowing 

3 per cent, compound interest? 

Ans. 33^A. 

(160.) We shall conclude this chapter on the application of loga- 
rithms with the following problem. 

«* 

8. Suppose the interest of £l for the jth part of a year to be — , it is 

X 

required to determine the amount of £a when x is infinitely great* 
Calling the amount a, we have 

X 

K 3 
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and taking the Napienan logarithms of each side of this equation, 
log. A s log. a + « lo<?. J 1 H \ 

= 10g.« + .J---j^+.^-&C.J 

= log.a + r-^ + -^-<fcc. 

Let now x be infinitely great^ then the terms having or in the denomi- 
nators vanish, so that 

log. A =s log. a -f • 

Put log. n for r, then 

log. A ■= log. a -f* log. n = log. an. 

.*. A ssem; 

that is, the amount is equal to a times the number whose Napienan 
logarithm is r. — (See Note B at the end.) 
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CBAPTBlt VZX. 



ON SERIES. 

THE DIFFERENTIAL METHOD. 



(161.) The Differential Method is the method of findiDg the suc- 
cessive differences of the terms of a series, and thence any intermediate 
term, or the sum of the whole series. 



PROBLEM I. 

(1 62.) To find the first term of any order of differences. 

Let a, b, c, d, e, (fee. represent any series ; then, if the sacoessive dif- 
ferences of the terms be taken, these differences will form a new series, 
which is called the first order of differences ; in like manner, if the suc- 
cessive differences of the terms of this last series be taken, a new series, 
called the second order of differences, will be obtained, <&c. Tbu:?, 
1st order of differences, 

b — a,c — bf d — c, e — d, <fec. 

b — a c — b d — c 



2d order, c — 2b -j- a, d — 2c -f- 6, e — 2d-^c, <fec. 

c — 2b + a rf— 2c-f* 



3d order d — 3c -|- 36 — a, c — 3rf-f3c— ^, <fec. 

<&c. <&c. 

Now, since in the first order the first term in any difference is the 
same, except the sign, as the second in the succeeding difference, in 
subtracting any difierence from the succeeding, the first term of the 
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former must be placed under the second term of the latter, and, conse- 
quently, the same must take place in erery succeeding order. 

Hence the coefficients of die several terms, composing either of the 
difTerences belonging to any order, are reapectiyely the same as the 
coefficients of the terms in the expanded binomial, being generated 
exactly in the same way,* the terms that are subtracted being in 
reality added with contrary signs. 

Therefore, representing the first difference of the Ist, 2d, 3d, Ac, order 
respectively by A\ A', A*, Ac. we have for the first difference of the nth 
order, 



fallen n is an even number , 



n(n — \) 
A" ^ a — fto -|- c 



f t(n— l)(it— 2) 
2.3 



cf-f- <fec. 



When n U an odd number. 
, , n(n—\) , n(« — l)(n — 2)^ ^ 



2 



2.3 



• Thus, 

1 — 
1 — 



1 



1 — 



^ coefficients of the first order, 



+ 1 



-j- 1 =: coefficients of the second order, 



1 —2-1-1 
—1+2—1 



1—3-1-3—1 
cfec. 



third order, 

ifeC. 
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EXAHPLES. 

1 . Required the first term of the fourth <»der of difSereticen of the leries 
1, 8,27^64, 125, (fee. 

Here a, b, c, d, e, <fec.:s 1, 8, 27, 64> 125, (fee. and n = 4. 

••«-***+ c — rf + 

i?^!^Z±>J!^J)i!L:z£I, = a-46 + 6c-4rf+e=l-32 + 
2.3.4 

162 — 256+125=0; 
hence the first term of the fourth order is 0. 

2. Required the first term of the fifth order of differences of the series 
1,3, 3«, 3», 3*, (fee. 

Here a, b, c, d, e, <fec. = 1, 3, 9, 27, 81, <fec. and n:=5, 

, . »(« — ! ) , «(n— 1)(« — 2) . 

.•. — a-\'nb ^— - — -c-^ — ^ -;J d — 

^ 2 ' 2.3 

^ ^^ '^ ^c + (fee. = — a4-56— 10c +10rf — 5tf 



2.3.4 

+ /=:-l + 15— 00 + 270— 405 + 243= 32 = the first term of the 
fifth order of differences. 

3. Required the first term of the third order of differences of the series 

1, 2>, 3», 4>, (fee. 

Ans. 6. 

4. Required the first term of the fourth order of differences of the series 

1, 6,20,50, 105, (fee. 

Ans. 2. 



PROBLEM II. 

(163.) To find the nth term of the series a, 6, c, d, e, &c. 

Let A^, A^ A^, A*, (fee. represent the first term in the first, second, 
third, fourth, &c, order of differences respectively, then, in the general 
expressions for the first term of the nth order, we shall have, by malcing n 
successively equal to 1, 2, 3, &c,, and transposing. 
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6 ss a + ^S 

=: — a + 26 + A«, 

c/ s= a — 36 -f 3c — . A», 

e s — a -f 46 — 6e + 4^ + AS 

/=sa — 56+ 10c — l(W + 5« + A*, 
Ac. = <fec. 

Or, by substitution, 

6=a + A>, 

c = o+2A> + A«, 

rf=a+3A>+3A« + AS 

c = o + 4A» + 6A« + 4A3+ AS 

/= o + 5A» + lOA* + 10A» + 5A* + A« 

4&C. = 4&C. 

where the coefficients of a, AS AS AS &c. in the n + Itb term of the 
series a, 6, c, (/, &c. are the same as the coefficients of the terms of a 
binomial raised to the nth power, that is, the n + 1th term is 

a 4- nA> + ^ g / A« + -^ -^^^ -£i? + ifec. 

and therefore the nth term is 

3S !2*3 



EXAMPLES. 

1. Required the tenth term of the series 1, 4, 8, 13, 19, <fec. 

1, 4, 8, 13, 19, 

3, 4, 5, 6, 

1, 1, 1, 
0. 
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Here the first terms of the differences are S, I, and ; 
that is, A^ = 3, A> = 1, and A* =0, also a = 1> and n = 10; 

.\a +(«-l)A» + i- -g^ — -iA«= 1 + 27 + 36=64 

which is the tenth term required. 

2. Required the twelfth term in the series, 1', 2^ 3^, 4^ 6^, &c. 

1,8,27,64, 12^, 

7, 19, 37, 61, 

12, 18, 24, 

6,6, 

0. 

Here A» =7, A» = 12, A' = 6, A* = 0, also a = 1, and « = 12 ; 

77 + 660 + 990 = 1728 the twelfth term. 

3. GiTen the logarithms of the numbers 101, 102, 104, and 105, to find 
the logarithm of 103. 

Here, of five consecutive terms, four are given to find the intermediate 
one. To accomplish this with perfect accuracy would require us to know 
the value of A*, which is itself not generally determinable without the 
term sought But the four logarithms which are here given are themselves 
oot strictly accurate, being indeed carried only to a limited number of 
decimals, usually seven ; and, from the slow increase of the logarithms at 
the part of the table where these occur, we may easily assure ourselves 
that A* can have no significant figure in the first seven places of decimals : 
it may therefore be rejected, without introducing error. Hence, regarding 
A^ as 0, we have^ for the determination of the term c sought, the equation 

«=— a + 46-— 6c + 4<; 

_ 4(6 + rf)-(g + 
'•^- 6 

which expression is thus calculated. 
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tf =s log; 101 sfe 2.^049214 
b = log. 102 = 2.0086002 
d = log. 104 s= 2.0170d33 
e s= log. 105 = 2.021189a 
.*. 4(6 + d) = 16.1025340 
(a + e) = 4.0255107 

6) 12.0770233 



• ; ' 



c =s log. 103 = 2.0128372 

In this manner may any intennediate term in a series be caleulated, pro- 
vided always that^ p being the number of given terms, the difference A' 
may be rejected, without committing sensible error. The student who 
winhes for further information upon this subject of interpolation, more 
especially in reference to its utility in computing logarithms, may consult 
Chap. ii. of the Essay on the Computation of Log^thms before referred 
to. 

4. Required the twentieth term of the series 1, 3, 5, 7, (fee. 

Ans. 39. 

5. Required the twentieth term of the series 1, 3, 6, 10, 15, 4&c. 

Ans. 210. 

6. Required the fifteenth term of the series 1, 2', 3*, 4*, <fec. 

Ans. 225. 

7. Given the logarithms of 50, 51, 52, 54» and 66, to find the logarithm 

of 53. 

Ans. log. 53 = 1.7242759. 



PROBLEM III. 

(164.) To find the sum of n terms of a smes. 

Let the proposed series be as before a, b, c, d, &c. ; then, by means 
of the general expressions in last Problem, we shall be able to find the 
sum of n terms of this series, provided we can devise another series, 
such that either the n + 1th or the nth term may always be equal to n 
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terms of the proposed. Now the series whose n -(- 1th term equals 

the SMm of n terms of the proposed at once presents itself; it is the 

series 

0, a, a -f- 6, a -|- A -|- c, a -f 6 -|- c + rf, <fec. 

of which the first differences, viz. 

Uf bf Cy dp <fec. 
form the original series, and consequently tliat which is A^ in the new 
series is the first term in the proposed, and that which is A^ in the 
former is A* in the latter, and so on. Hence, referring to the general 
expression in last Problem, we have for the n + 1th term of the new 
series, that is, for the sum of n terms of the proposed, the formula 

EXAMPLES. 

1. Required the sum of n terms of the series 1, 3, 5, 7, Ac. 

1,3,5,7. 
2, 2, 2, 
0,0. 
Here A* = 2, and A' = 0, also o = 1 ; * 

, n(n — 1),, . - , 

.'. na H — i— - — ^A* =: »'=:8um of « termv. 

2. Required the sura of n terms of the series I, 2*, 3', 4^, 5% <fec. 

1, 4, 9, 16, 26, 

3> 5, 7, 9, 
2, 2, 2, 
0,0. 
Here A* = 3, A*=s2, and A^ssO, also a= 1 ; 

... na + "^H^zHa^ + n(n^lXn'-2 )^,^ 2n + 3n-^Bn 

^ 2 ^ 2.3 2 ^ 

n»--35«+2« _ fi(n-fl)(2n-f 1) _ 

— — :^ 2^ c= sum of n terms. 

3. Required the sum of ti terms of the series 1, 2, 3, 4, 5, <fec. 

Ans. — ^ 
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4. Required the nun of twelve temui of the leries I, 4, 8, 13^ 19, <fec. 

An^430. 

5, Required the sum of n temu of the series 1, 3, 6, 10, 15, <fec. 

«(« + !)(« + 2) 



Ans. 



6 



6. Required the sum of n terms of the series )> S', 3*> ^^ Ac. 

4 

7. Required the sum of n terms of the series, 1, 2^, 3^, 4^, <&c. 

. «*.«*. n' n 
Ans-y+yH-j.-^. 



ON THE SUMMATION OP INFINITE SERIES. 

(165.) An Infinite Series is a progression of quantities proceed- 
ing onwards without termination^ but usually according to some regular 
law discoverable from a few of the leading terms. 

(166.) A converging series is a series whose successive terms de- 
crease or become less and less, as the series 

X being any whole number. The finite quantity to which we con- 
tinually approach, by summing up more and more of the leading terms, 
is tlie quantity to which the series converges, and to which it actually 
attains only when taken in all its infinitude of terms. Should the series 
be infinite in value, as well as in extent, it is not regarded as convergent, 
even though its terms successively diminish. The series 1 + i + i + 
i 4- &c., for instance, is not considered to be convergent, as it does not 
tend to any limit, its value being infinite. (See the '^ Essay on Loga- 
rithras.^') 

(167.) A diverging series is one whose successive terms increase or 
become greater and greater; such is tlie series 

_J_=5i«2+4 — 8 + 16-.&C. 



OF INFINITE SERIES. 211 

(168.) A neutral series is one whose terms are all equal, but have 
signs alternately + and — , as the series 



1 + 1 



sssi — 1+1^1^1 —Ac. 



(169.) An ascending series is one in which the powers of the un- 
known quantity ascend, as in the series 

a + &p + tf«* + dsfi + Ac. 

(170.) A descending series is one in which the powers of the un- 
known quantity descend, as in the series 

a + 6r-> -|- car* + dar^ -f- &c. 

(171.) The summation of series is the finding a finite expression 
equivalent to the series. 

(172.) As different series are often governed by very different laws, 
the methods of finding the sum which are applicable to one class of 
series will not apply universally ; a great variety of usefiil series may be 
summed by help of the following considerations : 

(173.) I. Since i. 1—^—Sl—, ... — i — = 

LsL l—\^ 

Pi n n -{■ p ' ' 

that is, any firaction of the form — r is equal to — th the differ- 

n\n -^r P) P 

ence between the two fractions — and — - — : hence, if this difference 

n n -{- p 

Q 9 9 
be known, the value of ——2 — - will be known, whether -^ and 

n(n '{' p) » n -h p 

be known or not; and it therefore follows, that if there be any series of 

fractions, each having the form . . — r, the sum of the series will be 

^ w(» + py 

equal to — th the difference between a series of firactions of the form 
P 
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— , and another of the form — -, — , and, if this difference can be ob- 
n n -f p 

tained, the sum of &e proposed series may be readily found, whatever 
be the values of p, g, and n. 



EXAMPLES. 

1 . Required the sum of the seri e s -f -^-r- -f -r-r- + Ac. continuoil 

I.jS 2».0 Oa4 

to infinity. 
Here ^ = 1, and fi =: 1, also n =s 1, 2, 3, <fec. successively ; 

"l -(i+|+}+&cadinf.)J-^~«^- 

2. Required the sum of the above series to it terms, 

^ + i+^+^+ -^ , , 



-(i + i+*+ T + «-X-,> 

3. Required the sum of the series ----- -j 1 1- (fee. ad infi- 

1.3 3.6 5.7 

nitum. 
Here p = 2, 

5 1+ J + J + I + &c. ad inf. > 1 _ 

^ --(J+i + t + <fec.ad'inf.)5-*' .-. j-i-8um. 

4. Required the sum of the above series to n terms ; 




■2n-1^2«-|-l 
, and — th of this is r = sum. 



2a -fr p 2n4-l 

5. Required the sum of the series 1 1 1. ^ ^c. 

1.4 2,6 3.6 4.7 

to infinity. 
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and — th of this is U = sam. 
P 

6. Required the sum of n terms of the above series, 

!l+i-f J+i + i + ^ ") 

-(i+i + i + i-f * + r+3>3 

n . n . n 



3rt -h 3 ' 6n -f 12 • 9» -f 27 

O O ^ K 

7. Required the sum of the series -r-- — — -|- -r-^ rr-TT + ***• 

u*9 o»t f.v 9* 11 

Here f? = 2, and j* = 2, 3, 4, (fee. successively ; 

— i = J> and — of this is ^ = sum. 

8. Required the sum of the series 1 + I + i + -h + <fec. ad infinitum, 
l^his series is evidently the same as the following, viz. 

and dividing by 2, it becomes 

whose sum is ] (Ex. Ist) ; .*. the sum of the proposed series is 2. 

9. Required the sum of the series ----- -f- tt^ + Trrr^ + <fec. ad in- 

3.8 6.12 9.16 

finitum. 



214 ON THE SUMMATION 

This series is the same as J(— + gj + 9^ + ^'^ 



also the sum to n terms is 



13(n + J ) 



10. Required the sum of the series —r- + -5-7- + -r-r- + <fec. ad 



1.3 • 2.4 ' 3.5 
infinitum. 



Ans. f . 



11. Required the sum of the series ^ -f -5— &c. ad 

1.0 2S.4 9*0 

infinitum. 

Ans. |. 

2 3 4 5 

12. Required the sum of the series -—— — —-— -^ — — - — 7—77 + 

3.0 5.7 7.9 9.11 

^c. ad infinitum. 

Ans. ^. 

13. Required the sum of the last series to n terms. 

Ans. <^ ± —7- — . ■ ^^ , according as n is odd or even. 
" 4(2n -|- 3) 

4 4 4 4 

14. Required the sum of the series — 1* — -- + — — - -A 1- 

^ 1.5 ^ 5.9 ^ 9.13 ^ 13.17 ^ 

<fec. ad infinitum. 

Ans. 1. 

(174.) 2. Also, since 

9 9 2py 9 

n{n -h p) {n -\' pXn -^ 2p) «(n-Hp)(« + 2;?)' ' ' n{n 4-;?)(n + 2;>) 

= lf_? 9. J. 

2jB C «(» -I- ;?) (« -i-pXn + 2p) > ' 

hence the sum of any series of fractions^ each of which is of the form 

a 1 

-; — ; — ^-, — r-T-:9 is equal to — - the difference between one series, whose 
«(«+;?)(« +2/>) 2p 
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teiTDs are of the form . , — r, and another, whose terms are of the form 



(n+p)(n^2p) 



£XAMPL£S. 



4 5 6 

I. Reqaired the sum of the series -— — 4- — r-3+ — + <fec. ad 

1 .2.3 ' 2/*^ 3.4.5 ^ 



infinitum. 

Here p=sl, and ^ =r 4, 5» 6, <&c. successively ', 

4.6.6 



-]^ + ^ + -^ + <fec.(art.l3,ex. I) = 8J,and^of this is If 
^ sum. 

2. Requued the «m of ^ + -5^ + -j^ + &c. ad 
infinitum. 

Here ;? = 3, 

9 15 



^ -(iil + 1-04 + *<=•>> 



3 6 6 



5.8 '8.11 ' 11.14 

^ s= sum. 
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1 S 3 

3. Required the lum of the series — - + r— + g^ + *c. ad 

iDllnitam. 

Ads. |. 

1 4 7 10 

4. Reqai«d the «am of the Mrie. jj^ +—. + -- + __- 

4- <&c. ad iDfinitam. 

Ans. ji' 



5. Required the sum of the series 



a +26 



+ 



(«-h2/;)(« + 3p)(n-h4/i) 



-f- Ac. ad infiaitum. 



Ans. ^'"-^^ 



2;i»/t(iH-p) 



(175 ) 3. Likewise, since 
9 



n{n -^pXn + 2p) (« +pXn + 2^)(» + 3/») 
^P9 . 9 



n{n -\-pXn + 2;?)(«+ HpY ' * n(n +/?)(« + 2/i)(» + 3/?) 

If ? 9 ]. 

Api Kn -^pXn + '^p) in -|-;?)(«-|-2p)(« + 3;>) i ' 

therefore, any series of fractions, of the form 

9 I 

-7 — 1 — \/^ J_ o„\/ — r~5~^f is equal to — the difference between a seriei 

of the form ^-^--p-^___^^ and another of the form 

£ 

(n +;?)(« 4-2/>)(n + 3^) 
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EXAMPLES. 

1. Requited the gum of the series j^ + jj^^ + aXsieH"*':- 

ad infinitum. 
Hetep = 1, 

-^ 4- — + A- + <fec. "i 

1.2.3 ^ 2.3.4 ^ 3.4.5 ^ (_ _]_ _ 

1 1 (-1.2.3"*' 

-<2— 4 + 3:4:5 + ^^'^ ' 

••• grCi) = i = sum. 

12 3 

. Itequbed the sum of the series ^-^^ + ^jj^ + ^j^j^ +&c. 

ad infinitum. 

Here j9 == 2> 

160 

1.3.5 ^ 3.5.T ^ 5.7.9 ^ I __ 

— (-i — I- -A^ + &c.)) 

1X5 "^ 3Z7."*" 5^9 "^ *'- = "^^ 

2 5 ^ 

3. Required the sum of the series -jjjj^ + ^---^^. + 9;^2-j rjj 

4- d?c. ad infinitum. 

6* 7' S'' 

4. Required the sum of the series jjjj + ^j^ + --^- + .vc. 

ad infinitum. 

Ans. JJ. 



•-» 
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(176.) In a similar xnanner, it may be shown that the sum of an 
series of fractions of the form 

9 

«(« +/>)(« -h "^P) (« + mp) 

i:4 equal to the difference between a series of the form 

mp 

9 

n{n + pXn-{'2p) [n -|- (« — !)/»]' 

and another of the form 

9 

(n -\-p)(n -|-2/>) (« + mp) 

(177.) Again, since 

(i(a 4- bXa -f 26) .... (a +pb) g(g 4- &)(fl -f 26) [g-f (y.fl)fc 

h{n -f 6) [» + (p — 1>] 71(71+5).,,"., {n-\-pb) 

a(n — a^b)(a -f b)(a -f 26) (a -\-pb) 

"~ «(« -h b)(n + 26) (» -\-pb) * 

q(g -f 6)(a + 26) (a 4-jp6) _ 

•'• 71(71 -f 6)(» + 26) (« -f ;i6) ~" 

1 C g(g-f 6) (g+y6) 

w — a — 6C «(n-|-6) [w+C/' — 1)*] 

«(n-|-6) (w-hi'*) ^' 

Hence, any series of fractions of the form 

a(a -^b) (a -^-pb) 

7i(n -|- 6) (71 -^pb) 

is equal to r the difference of a series of the form 

w — a — 6 

g(g-f ^) (a-^pb) 

71(71 -\-b) l7i + (p^l)bV 

and another of the form 

a(a+b) [a-K;,4.1 )6I ^ 

n(7i + b) (n-^pb) 



*} 
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EXAMPLES. 

. T^ . jxi. c^x. . 1 . 1-3 . 1.3.5 . 1.3.5.7 . „ 

1. Required the sum of the series — - -\ h k &c. 

^ 2 ^ 2.4 ^ 2.4.6 ^ 2.4.6.8 ^ 

to r terms. 

Here a^l, b=z2, and n^2, 

1.3 1..3.5 1.3.5.T (2r~-l) 

■^ 1 ■*" "IT "^ "• 2.4.6 (2r — 2) 

1.3 1.3.5 , 1.3.5.7 (2r + 




(1.3 1.3.& 
2 '" "IT "*" 2.4.6 2r 

_^ 1.3.5.7 (2r + l) 

2.4.6 2r ' 

1 .... , 1.3.5.7 (2r+l) , . . 

and ' of this is ■ — ^— — 1 ^ sum of r terms : 

n — a — 6 2.4.6 2r 

when r is infinite^ this expression is evidently infinite also. 

2. Required the sum of the series 

L. _L__L-/ 4- _i — ! — Oi — ! 1 + <fec. to r terms, 

{. a(a + b) . fl(ffl + ^) [a + C*-— 1>] 
^'^ iT"' "^ ••• «(« + A) [« +(r— 2)6] 
i ^fl(g + ft) . «(«-fO (a + r&) \ 
V « "^ w(n + b) [n + (r — 1>K 

_ a(a + bXa + 2&) (a + r6) « 

"■" «.(»+6) [n+(r~ 1)6] » 

. ,„„ _ _f! «(a + 6)(a+26) (a + rb) 

••*'™ — n— o— 6 (« — a — 6)«(» + 6) [71 4- (r — 1)6]* 

If r be infinite, then this expression for the sum will become definite only 
in particular cases. Thus, if n = a -f- 26, the second fraction in the above 
expression will be 

a(a + 6) 
6[a(r + 1)6]' 

which evidently vanishes when r is infinite, in which case the 

l2 
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Slim 10 - ; the same fraction would, of course, vanisb if n 

«— a— 6 

were greater than a + 26. So that in these cases we should always have 

a 

for the sum the definite result •.• 

It — a — * 

But if ft were equal to a + 6, then the said fraction would become 

a(a 4- b)(a + 25) (a + r^) _ a 

0(a -f^Xa + 25) (a +r6) " 

and the sum would become -— = — , an expression of no definite sig- 
nification in its present form. The sum presents itself under the same 
indefinite form even when r is finite provided « = a + 6, as will appear 
by inspecting the general expression. 

3 S.4 2'4.6 

3. Required the sum of r terms of the series y H — ^ + ^-^ + 

•2.4.6.8 , ^ 
1-77+ *C. 

2.4.6.8 (2r-h2) 

^^^' 3.6.7.0...... (2r-fl> *' 

2 2.3 2.3.4 

4. Required the sum of the series -— - + -1_-.-^ ■ ' * ■ -f- Ac. ad 

0.0 6.6.7 6.6.7.0 

infinitum. 

Ads. f^. 

(178.) As every summable infinite series may be supposed to arise 
from the expansion of some fractional expression, the value of the series 
may often be obtained by first assuming it equal to a fraction whose 
denominator is such, that when the series is multiplied by it, the pro- 
duct may be finite, which product being equal to the numerator of the 
assumed fraction, determines its value, as in the examples following.* 



• Thi3 method, however, is very limited In its application, on accouut 
of the difiiculty of determining a suitable denominator for the assumeil 
fraction. But a direct and easy method of summing every infinite series 
of which the generating function is rational, will be found in the volume 
on the " Theory of Equations.'* 
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EXAMPLES. 

1 . Rt3quired the sum of the infinite series i 4- ^* 4* *' 4- <fec. 

s 
Assume the series equal to ; ; 

1 X 

then, 

a? + x' 4- «» + «fec. 



X + «' + z^ 4" <fcc. 

— x' — 07* — <feC. 



2; = <r 



X 

that is, X 4" *' 4" ** 4- *c. =s ; • 

I— • X 

If X =s i, then i 4- i + i 4- <&c. =: -|- = 1. 

If a?sr:}, then J 4" i + A + <fec. c=i- f. 

<fec. <&c. 

2. Required the sum of the infinite series 

X — x'4"*' — 1»*4" *fec. 

z 
Assume the series equal to -r-r— ; 

14-* 

then 

X — d7*4-x' — «*4- <fec» 
1 4-x 



X — ^7*4"**^**"+* ^•^' 

aj* — X* 4- ** ~" <fec. 



xssar • • • 
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that \b, X — Ji^-f-** — Jf* + Ac. ^ 



X 



1 +« 



If x= I, then i - i + I - A + Ac. = ^-^ = J. 

If * = 1, then 1 — 1 + 1— I+l— Ac. = — - = \. 

2 
Ifx = 2, then 2 — 4 4- 8— 16 + &c. = =-r^ = J. 

1 + 2 

<fec. <fec. <fec. 

3. Required the sum of the infinite series «v + 2j?* + 3a^ + <fec. 

Assume the series ^ r- r a ^ -r r; — ; — - : 

(1 — X) 1 — 2x + a?» 

then 

J + 2a:« + 3x» + &c. 

1— 2x +«* 



ac + 2aj* + 3x» + Ac. 

— 2i« — 4x« — <fec. 

^ + &c. 



z=:af • • • 



that 



is, a? + 2x* + 3x8 + <fec. = ^, ^ .^ » 

(1 — »)• 



Ifj?=i, then i + J + } + <fec. = -j = 2. 

Ifx = i, thenJ + | + ^, + <fec.= ^i-,= i. 

<&c. <&c. (fee. 

4. Required the sum of the infinite series a? + 4x' + 9x^ ^ ie«* + <fe4 

Assume the sum = ; 

(1 — x)«' 

then(l — x)»x (a: + 4x« + 9x» +«fec.) = flf + ^j 
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a:^t* -rva, -p «i.. (1 — x)3 (I — «^)» 

Ifx = i, thenl+f + | + ^ + &c. = 6. 
(fee* <&c. 

PROMISCUOUS EXAMPLES. 

3 4 5 

1. Required the sum of the series —— -- 4- -r—-z^ + t-tt:^ +&c. ad 
^ 1.2.2 ^ 2.3,2« ^ 3.4.2' ^ 

infinitum. 



J 1.2 "^ 2.2* "^ 3.2»"^**^' ^— -i /J 

i 3 4 .1 "l^ 2. 



V+3l^+*^-> 



= TF ~ ^i^ + 25- + 2^^ + **=-^=^~* = * ="""• 

2. Required the sum of the series -j^^ + ^—jp + -^^^^^jr 

-f <&c. ad infinitum. 

Ans. i, 

3. Required the sum of the series x -^ 3a^ -\- Qx^ -{- lOi* -|- cfec. ad 
infinitum. 

Ans. 



4. Required the sum of n terms of the series 
<fec. 



4.8 6.10 ' 8.12 



Ans. 



16(1 -fw) 12(3 4-2/1) 



5. Required the sum of the series ^ + j-^+ j^^ + j^, + 

tfec. ad infinitum. 

Ans. ^. 

.... 1018 . 12.21 , 14.24 
«. Required the sum of the series ^^^:^+ 4X12I6+ fiXiaJi 

-|- <&c. ad infinitum. 

Ans. iJ. 
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ON RECURRING SERIES. 

(1 79.) A recurring series is one, each of whose terms, after a certaiD 
number, bears a uniform relation to the same number of those which 
immediately precede. 

(130.) It is obvious that a variety of infinite series will arise from 
developing different fractional expressions, those however which 
generate recurring series are always of a particular form. 

a 
(181.) The fraction -TT-TT > for instance, is of this kind, for the 

series which arises from the actual division is recurring thus : 

a'4-6'a?)o (-7 «-4- 71 Ac* 

ah'x 



»+ a' 




aVx 




a' 




ah'x 


aV^i^ 


a' 


a'^ 




ab'^'s^ 




a!^ 










ab'^ix^ 



o'» 



<&c. 



vhere it is obvious that each term, commencing at ^e second, is equal 
•0 that which immediately precedes multiplied by — ^, which quan- 
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b' 
tity is called the scale of relation of the terms, or -r is the scale of 

^ a 

relation of the coefficients; therefore^ representing the terms of the 
series by a, b, c, d, &c., we have 

A ^ —7, whence o'a — a = 0, 
a 

b'x 

B =r - — ; A 6'xA -f a B = 0, 

a 

bX 1* I » n, 

c :^— — rB oxB ^ ac'ssiij, 

a 

l/x 

D5SS — — tC .• b*xc 4* a'DssrO, 

a 

here we may observe, that the coefficients of a, b ; of b, c ; of c, d, 
&c., are the terms of the denominator of the generating fraction taken 
in reverse order. 

(182.) The fraction , , JT \ /j. is another of this kind; for if this 
^ ' a 4-6^+cir 

be developed as that above, and similar substitutions be made, there 
will be found to result 

A^ -T-, whence o'a — a ^0, 

a 
B= ; 6a+OB — * 8=0, 

a 



=: *- -7 c «*A + b'xB -f a c = 0, 

a 



D 

a 



i&C. <&c. 

where each term, commencing at the third, is equal to the two iinme- 

c'x* h'x 
diately preceding multiplied respectively by ;-, — — -, which 

L 3 
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is therefore the scale of relation of the terms; also, die coefficients of 
A, B, c ; of B, c, T), &C.9 are the terms of the generating fi:action taken 
in reverse order. 

, ■ J _, - fl + fcjr + cj* . , ^ , 

(183.) The fraction -7-— r; — ; — —5, is also one of the same 

kind, as its development will show, the scale of relation of the terms, 

in the resulting series, being ;-, ^, ;-, commencing 

at the fourth term. And, in general, the development of any rational 
fraction of the form 

a -{- hx -{- ea^ -\- . . . px"* 

will be a recurring series, in which any term, commencing at the 
m + 2 th, will be equal to the m + 1 preceding multiplied by 

q'x^+^ p'x^ c':f* b'x . , , . , . ^ 

— - — : — , — ^=—7-, ... 7-, J—, respectively, which is therc- 

fore the scale of relation of the terms. 

If a' = 1, then the scale of relation is — q'x^+^f — P'^^9 

— cV, — b'Xy being the several terms of the denominator taken in 
reverse order, the first term 1 being omitted. 



PROBLEM I. 

To find the sum of an infinite recurring series. 

LetA-fB + c + D + + K + L + M + N represent a re- 
curring series, and let it be supposed such, that each term, commencing 
at the fourth, depends upon the three preceding, then, as in Art. (182), 
we shall have, by supposing the terms in the generating fraction to be 
Pi 9} ^? s, the following equations, viz. 

«A + re + gc -f- j»d = 0, 

«B + re + yn + pE = 0, 

«c + ro -|- 503 -|- J9F = 0, 

«D + rB -j- q¥ +j»o = 0, 



*K + rL 4- qM +J»N = 0, 
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and taking the sum of these equations, we have 

*(a +B-f-C + D-f-...K)+r(B + C + D-fE-f...L) 

which, by putting s for the sum, becomes ths same as 

#(8 — L M — N)+r(8 — A — M — N)-f^(S — A— B— n) 

-{-p(^s — A — B — c) = 0; 



from which equation we get s = 

/>(A + B-f c)4-y(AH-B4-N) -Hr(A-f-M -f-N) 4.g(L-|-M -t-N) 

so that the sum may be determined from having the three first, and 
three last terms, with the scale of relation given; but if the series be 
infinite, and decreasing, the three last terms will vanish, and the sum 
will be 

/»(A+B + c)+y(A + B)+rA _ A(;?+y + *') + B(p + y)+ty 

p + q-^-r + s p-^-g-h^-^s 

EXAMPLES. 

1. Required the sum of the infinite recurring series 

1 + 2x + 8i» 4- 28i» + lOOx* H- 356r« -f Ac. 

Here the scale of relation is 2x^, 3x* 

.'. the third term, c = 2x' a -f 3xb, whence 

— 2x*A — 3xB + c = 0, 

consequently, * = — 2x*, r ^ — 3x, y = 1, and j9 :s 0. 

a(I— 3x) + B 1 X 

.'. sum =s— ^ — s= • 

1— 3x — 2x* J— 3x — 2x» 

2. Required the sum of the infinite recurriog series 

1 -f 2j -f 3a» -f. 5i» -i- 8x< + &c. 
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xhe scale of relation being x\ x. 



AnB. 



1— « — x« 



1. Reqaired Ibe sum of the infinite recnrring series 

1 -|- 3x -f 5x* + Tx*, <fec., the scale of relation being — «», 2*. 



Ans. 



I — 2* 4- x« 

i Reqnired the sum of the infinite recurring series 

3 ^ 5x + Tx* + 13r» + 23x* + «fec. 

'.Df scale of relation being — 2i', x', 2x. 

3 — X — 6x« 
Ans. 



1 — 2x— «*-|-2x» 



• >t 



PROBLEM II. 

To find the sum of any number of terms of a recurring series.* 

This may be effected by means of the expression for s in the preced- 

iig problem, but more commodiously by subtracting from the sum 

the series continued to infinity, the sum of all those terms which 

Uow tlie nth; thus, if the nth term of the recurring series a + » + c + 



* l'b(3 finding the sum of a finite number of terms of a recurring series 
^apposes that the general term of the series is previously known : to di(<- 
cover the general term is, however, by far the most perplexing part of the 
prohleni, it being often attended with considerable difficulties. The onlj 
i;enora1 way in which it can be discovered is derived from considering tbe 
generating fraction 

a + 6x + ex* + • • • px^ 



a' -I- fx + c'x^ -{-... g'x*»+»' 

-■s -be same as 

(a -t- 6x -I- cx« -f . . . px«) (a -+- b'x + cx« -f . • . 9x"»+»)"'» 

A-bich may be expanded, and the general term of the resulting series 
,>bianievt, by the Multi;nomial Theorem. 
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&c. be T^ then^ putting s for the sum of all the terms to infinity^ and s' 
for the sum of those to infinity which follow T^ we shall have^ by last 
problem, s — s' = 

-^ (;> + y + y) + B (;> -f y) +cp - u (jp + y -f 0— V (;> + y)— ^p 

— (a — u) ( ;> + y + r) 4 - ( B — v ) ( p + g) + (c — w> _ 
the sum of-n terms. 

EXAMPLES. 

1 . Required the sum of n terms of the series 

1 + 2x 4- 3i?« 4- . . . «i»-«. 
Here the scale of relation is — i^,2xi 

" ,•. c = — «* A + 2x6, whence «* a — 8a?B -f- c :^ 0, 

.'. * = 4*, r ^ — St> y := 1, ;» = 0, also u := (n + 1 )j^ ; 

V ss (« + 2>»+», aBd w =s (» 4- 3)«"+«; 

., (a — U)(l-—2l)-|-B— V 

oosequently, sum =: ^ ~ — - — r^ = 

1 — 2ff + *^ 

[1 ^ (n 4- iy»] (1 — 2j) + 2x — (n -I- g)!"-*-' _ 

l--2ar+ic* "" 

1— (n-f-l)j?»4-nx*'-H' 
1 — 2x 4- x« 

2. Required the sum of n terms of the series 

1 4- 3* 4- 5x» 4- T«3 4- <fec. 

the scale of relation being — jfl, 2x. 

I 4- J? — (2w 4- l)g* -f (2?t — 1 > "•«- ' 
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ON THE METHOD OF INDETERMINATE COEPFICIENTS. 

(184.) The method of indetermiDate coefficients^ which is used to 
develop firactional and surd expressions, consists in assuming the pro- 
posed expression equal to a series with indeterminate, or unknown 
coefficients ; and if this assumed series be multiplied by the denomi- 
nator of its equivalent fraction, or raised to the power necessary to free 
from radicab its equivalent surd, then, by equating the coefficients of 
the homologous terms in the resulting equation, the several values of 
the assumed coefficients will become known. 



EXAMPLES. 



a 



1 . Required the development of — 



by the method of indeterminate 



coefficients. 



Assume 



a 



A -f- ar -|- ex' -|- Djc* -|- &c. y 



then multiplying each side by a' -{- ^'^y ^^ transposing, we have 
— a-f a6'J +b6'5 +c6' 5 ^ 



Aa — a =: 0, therefore a ^ 



a 

6' 



whence -; 



Ba -\- iJt ^Q . . . B = 7 A 

a 

C«' + b6' = . . . C =: 7 8 

a 

6' 
Da'4-c6' = . . . D=^— ; c 

a 



<&c. 



<&c. 



a ah' ^' « *' , „ 

-;-— — = -7 — -T AJ? yBX^ r> CX3 — &C. 

a •\-h'x a' a a a 



the same as was before found from actual division. 
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2. Required the development of v a' -)- x^ by this method. 

Assume V a' -f- x* =i a + bx -f ex' -{" J'*' *♦" <fec. ; 
then^ by squaring each side, and transposing, we have 

A? + 2abx -f 2ac 



— I 



+ 2ad ) -f2A 



-}-2bc 



5a^ , Sx< + «fec.=:0; 



f- A* — a' = 0, therefore a = a 
2ab = , . . B =s 

whence ^ 1 

2ac — 1 ^ . . . c = — - 

2a 



^2ad + 2bc = . 
<fec. 

2 



D=: 

<fec. 



...>/«» + x» = a + i^--^+&c. 



3. Required the development of 



X 



1 -|- X -|- X 
Here, since the first term of the series must contain x, 



- by the same method. 



assume 



1 + * -f* ^' 



^ AX -|- Bar* + cx^ -}■ Dx* + <Src. 



then we have 



-'^ +»^ +eJ +»3 +e3 



+ <fec. :si ; 



^A — 1 ^ 0> therefore a = 1 

A-fB =0 . . .B=a— 1 

whence ^a+b + c = . . . c= 

B.^C-f''^ = ^ * * * O:^ 1 
^C + D + E = . . . B= — ll 
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I -f«4.«« 



=«— 0^4-** — «* + «'' — Ac. 



4. Reqaired the developmeiit of ^/l — or by tliis method. 

Ana. 1 — rr- — rr-rr •"■ ;: — :: — :: "~ ;;^ — :: — :rTr — wc* 
8 2*4 8*4*6 2*4*6*8 

1 4-2« 

5. Required the derelopment of -• ■ -7 by this method. 

Am. l+3« + 4d?' + 7c» + ll47* + «fec. 

6. Reqaired the development of ■ ■ — by the above method. 

Ana. 1 + 2iM? + (4o« — l)j« 4- (8a* — 4o>» + Ac. 



ON THE MULTINOMIAL THEOREM. 

(185.) The Multinomial Theorem is a formula which exhibits 

p 
the general development of (a + ftj + ex' + di' + 8cc.)* in a scries 
ascending according to the power of x. It may be investigated as 
follows : 

Assume 

p 
(o-|-6a? + cit«H-<fec.)« = A 4- Bd? -h Co?* -f. <fec. 



Similarly, 



p 
(a + 6y 4- (jy> -i- Ac.)*? = A 4- By 4- Cy« 4- Ac. 



Put for ^rldgment 

^ 1 

(a 4- 6j? 4- cj;» 4- Ac.)9 ss X, (a + 6y 4- cy' 4- Ac.^7= Yj 



then, 
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Now when x =y then X = Y> in which case we know (13^) that the 
first side of the equation becomes 



^-i 



yXff-» y jr ^ ^ ^ • ' 

and the second side becomes 

B + 2Ca? 4- 8D j^ -f <fec. 
6 4- 2ca? -|- 3e/«3 -f (fee. 

Moitiplyingi therefoFe, each of these sides by 

(a 4- 607 4- «?> + &c.) (6 + 2c« -f 3<ir« -f- &c.) 
and we hare 

^ (a4-6« + e««+&c.)«"(6 + 2<?ac + 3dLB* + <fec.) 

=(a 4- 6» + c»« + «fec.) (B 4- 2Cx + 8Dx« 4- «fec.) 

or sabfititatingfor simplicity's sake n for —, and putting the assumed series 
for the second factor in the first member of this equation, we have 

n( A 4- Bap + C*« 4- &c.) (6 4- 2cx + Sda* 4- Ac.) = 
(a 4. 6« 4- cx« 4- &c.) (B 4- 2C« 4- 3Dr« 4- <fec.) 

that i8> by actually performing the multiplications here indicated 

n^ 4" <fec. 



is equal to 



iia6 4- b6 


«a?4- c6 


ftaf'4- D* 


4-2AC 


4-2BC 


4- 2cc 




4-3a(/ 


+ 3fi(; 


• 


4- 4Ae 


Ba4*2ca 


X 4-3Da 


i*4-4Ea 


4- b6 


4- 2c* 


4.306 




4- BC 


4. 2rc 
4- Bi^ 



«*4-<fec. 
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2. What U the fqoare root of the series 1 +'4*'' + ^ + ^c* ? 
Here a, b, e, dec. are each ss 1, aiUo Q ss )> therefore 

a» = 1 =s 1, 

q6 = ^ s= B, 

(n-l)B6^ 

^—2a + 0« = l = c> 

(n ^ 8)pfc.f(£n~2)ce + (311-1 )Bd . ^ ,, 

^^ "t" B* — TW — ^ > 

.•.(l + «'-f«» + r>-f Ac.)* = l + l« + i«* + *r»4-lftr* + <fec. 

3. What is the cube of the series 2x + 8a' + 44?* + ^c. ? 

Ads. 8^* + 36jr« + 102f8 + 23]«« + «fec. 

4. What is the square of the series 1 — ia^ + Ix^ — ijo* •{- <&c. ? 

Ads. 1 -. |jj» + fix» - ^7 ^. ^^ &c. 

5. What is the cube root of the series 1 + )« 4- } j?* + iar* + &c. ? 

Ads. 1 + Jx + Ai« + i!frr» -f jjjftr* &c. 



ON THE REVERSION OF SERIES. 

(186.) To revert a series is to express the value of the unkoowa 
quantity in it by means of another series involving the powers of some 
other quantity. 

1. Let the series be of the form a^ + 6j?> -f c«' -f* ^c. ^ y ; then, io 
order to express the value of a in terms of y, assume j? := Ay 4- Bt/* 4- e^ 
4- <fec.y and substitute this value for <r in ihe proposed series, which will, 
in consequence, become^ when y is transposed, 
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4- ac i -h 26ac 
OA ) 4- as ) f 1 

— 1 -fi'A^ ^^^3 ^ 4.3CA«B^ 

+ rfA* 



s 

c ^ 

^"^ 

(» 



aA— 1 . . —0, ••. A = 

OB + 6a* SS . . . B = 

ac + 26ab 4- ca* = . . . c = 



1 

"—> 
a 

h 



268 ^ ac 
a* 



Lao-f 26AC-f 6B«4-8cA»B4-dA^ = 0. . .dss =— i- — , 

drc. d;c. 

1 6 .. 26 —ac 



consequently, « = ~y — ^y'4- — j, V 



a^ ^ ^ 



2. If the series be of the form ajp 4" ^J^ + <^J?* + <kC'i where the even 
powers of d? are absent, then we shall have, instead of the above, 

I 6 S6«— ac . 126» -f a«rf — 8a6c , . , . 



* W ben the series is expressed by means of another, as 

At -f- fta?* -f c JJ* 4- <fec. = ay + /3j/« + flf^ 4* *<i- 

the value of i is to be obtained exactly in the same way, by assuming 
r= 11/ 4- By* 4- cy* 4" <fec., and substituting this value in the place of x 
in the first series as above. 
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EXAMPLES. 

] . Given the series « -^ «* 4* ^ + ^c* = y> ^ express the value of 
in terms of y. 

Here a, b, c, d^c. are each 1 ; 

therefore — = 1, 
a 



a' 



2^ — ac _ 



a« 



56* — 5abc 4* a^d ^__^ 
— 1, 



(fee. <fec. 

.•. af = y— 3/«-f-y8— y*-|-«fec. 

2. It is required to revert the series 

2j? + 3j^ + 4a?« -I- 5a?7 -|- &c. = y. 
Here a = 2> 6 = 3, c = 4, &c. 

therefore — = i, 
a 

«* — *^ 

3fc«— ac .^ 



^7 -Tas* 



1268 + a«</— 8a6c 

._ ' — - J52 « 
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3. Given the series ae — \os^ ■\- \x^ — \a^ -f- «fec. = y, to find the value 
of X in terms of i/. 

Ans. a? = y + \y^ 4- y^ + iy* + «fec. 

4. Given the series a? — Jo?* -f- Ja?* — 4^?' + <fec. =y, to find the value of 
X in terms of y, 

Ans. d?=y + i5^» + */- -f ^"^ -f- &c. 

5. GKen the series 1 4-a? + -j + 2~3 "^ g 3 4 + *^* = ^^ *° 
find the value of x in terms of 3/. 

Ans. ^=:y— 1— ^^ ^ ^ '\- .. *«.• 



* We know, from what has heen said of logarithms, that this value of 
X is = log. y \ but if ar = log. y .*. c* = y, consequently, 

e»= 1 4- X -f y 4- 2^ + &c., 

which is the exponential theorem otherwise established at (136). 
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ON INDET£RMINATE EQUATIONS. 

(187.) Equations are said to be indeterminate, or unlimited, ^en 
they admit of an indefinite, or unlimited number of solutions, which 
they will always do when the number of unknown quantities exceeds 
the number of independent equations. The equation ax — 6y =s c, 

for instance, is unlimited, for jt ^ ^, where y may be any value 

whatever, therefore x and y admit of an infinite number of values that 
will satisfy the equation ax — 6y ^ c; and such must evidently 
always be the case when one of the unknowns is expressible only by 
means of another unknown, each then admitting of an infinite number 
of values. The number of solutions in integer numbers is, however, 

often determinable. If, for instance, ax •\- htf ^=i c^ then x = » 

a 

and, therefore, to have integer values of x and j^, the question will be 

c — by 
limited to the finding all the integer values of ^ tliat will make ■■ 

a 

an integer. The limits of possibility, in equations of this kind, will be 

investigated in the following propositions. The symbol < signifies las 

than, and > signifies greater than ; thus, a < b, means that a is kss 

than B, and a > b, means that a is greater than b. 



PROPOSITION I. 

li a and h be any two numbers prime to each other, and if each of 
the terms 

6,26,36,4*, .... (a — 1)*, 

be divided by a, all the resulting remainders will be different 
For, if it be supposed that the remainders will not all be different, let 



I 



\ 
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any two of the above terms, as mb, nb, leave the same remainder r; then, 
representing the respectiye quotients by g, ^, we must haye 

and q*a-\-r^=nhi 

therefore, by subtraction, a (^— /) == 6 (m — n), whence — ^ is 

a 

an integer number $ but neither b, nor m — n, is divisible by a, the former 

being prime to it, and the latter less than a, since both m and n are less, 

therefore -^ cannot be an integer, and, consequently, the sup- 
position cannot be admitted. 

Cor, 1. Hence, since the remainders are all different, and are a — 1 
in number, each being necessarily less than a, it follows that they 
include all numbers from 1 to a — 1. 

Cor» 2. Therefore, since some one of the remainders will be 1, it 
follows that some number x less than a may be found that will make 
hx — 1 exactly divisible by a ; or, which is the same thing, the equa- 
tion hx — ay ^ 1 is always possible in integers, if a and h be prime to 
each other. 

If, however, a and h be not prime to each other, the equation will 
be impossible in integers, for a and h having, in this case, a common 
measure, one side of the equation hx — ay = 1 would be divisible by 
it, and the other not. 

Cor, 3. Since hx — a^ =: 1 is always possible, it follows, by 
changing the signs, that ay — hx^z — 1 is also possible ; hence ax — by 
s= ± 1 is always possible in integers, if a and h be prime to each 
other. 

PROPOSITION II. 

If a and h be prime to each other, the equation 

ax — ^ = ± c 
will admit of an infinite number of solutions in integer numbers. 
For, since the equation ax — ^' = ± 1 is possible, the equation 

ac3^ — bey = ± c 

M 
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if posdble, which, by potting s for ex', and y for cy', becomes 

ax— .6y=±c, 
being the same as the proposed equation. 
Let now one solution be x s= p, and y = 7> then 

ap-^bq^szax — hjfy or ox — ap^^hy — bq, 

a(x—p) , J Au f ' — P * ^^^ 
.«. -^^ ^ ^ I, and therefore i- = — = — » 

*(y — 9) y — 9 « "»« 

or X — p=zmb, and y — q^ma ; 
.*. X z=sp -{- mb, and yssg -\- ma ; 

and since m may be any value whatever, from to infinity, the number 
of values of je and y may be infinite. 

Cor. Since p and q are integers, and s'mce tn may be either positive 
or negative, m may be so assumed, that x shall be less than b, or that 
y shall be less than a, for making m equal to 0, — 1, — 2, — 3, &c. 
successively, we shall have 

xs^p, p — b, p — 2b, <fec. successively, 
and 1/ = ^) q — a, q — 2a, <fec. successively, 

where it is obvious that one of the values of x must be less than b, and 
one of the values of 3/ less than a, whatever be the values of j9 and^. 



PROPOSITION HI. 

The equation ax -\-bt/=^cis always possible in integers, if a and 6 
be prime to each other, and if 

c > (ab — a — b). 

For let c = (06 — a — b) -\-r, then the equation becomes 

ax-^-by = (ab — a — 4)4- »*> 
which is possible if 

X = ab — a—b — by-^r _ ^ __ j __ (y 4- l)^~r 
a a 



[ 
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be an integer; but, since 6 — 1 is an integer, the possibility depends upon 

a 

being an integer, or> patting y 4~ ^ = /> ^P<>^ ^^® possibility of the equa- 
tion by' — aaf = rf which has been already established (Prop. 2)} let 
then y be less than a, or y 4~ ^ < ^ (Prop. 2, Cor.), then, in the equation 

7 -'' 

X most be less than h — 1 , and it therefore follows that 

a 

must be some integer number ; hence the equation aX'\-hy'=.c\% always 
possible when a and h are prime to each other, and c > {ah — a — h), 

^CHOL. The two last propositions will evidently be useful in dis- 
covering the possibility or impossibility of equations of this kind, and 
also in enabling us to propose them with proper restrictions. 



PROBLEM I. 

To find the integer values of j;* and y in the equation 

aa? ± 62/ = c. 

Since x = must be a whole number, it follows that if the 

a 

division ai by -^ c \x^ a\xQ actually performed, that the remainder j9y -f- ^ 

py -{- d 
must be divisible by a, that is, ^-^ must represent a whole number j 



ay rPy -\- d 

also, if from — the nearest multiple to it of ^-^ be taken, the remain- 

a ''a 

der, which may be represented by ^ , must be a whole number, and 

py "t" ^ 

q must be less than/?; if again the difiFerence of , and the nearest 



244 OK INDETERMINATE EQUATIONS. 

multiple to it of ^- be taken, the remainder, which may be repre* 

sented by ^ , matt also be a whole nmnber, and r will be less than 
a 

7 ; hence, by proceeding in this way, we shall at length arrive at a re- 

roainder of the form ^-^ — , in which the coefficient of v is 1. Now 

a 

the least value that can be given to y, in order that this expression may 

he a positive whole number, will evidently, when k ia negative, be eqaal 

to the remainder arising from the division of A- by a; but, when k is 

positive, the least value will be equal to a mintu this remainder : Hence, 

since the subtraction of fractions does not produce any change on the 

common denominators, the numerators only being operated upon, the 

process will be the same in effect by the following rule. 

by "^ c 

(167.) Having reduced the given equation to the form x = -^ , 

a 

perform the division oi by -{-c by a, and call the remainder py -^d* 
Take the difference of ay and the nearest multiple to it of py-\- d, 
then the difference of />y + <^ ^cl nearest multiple to it of the re- 
mainder; then the difference of the preceding remainder and the 
nearest multiple to it of this last ; and so on, till we get a remainder of 
the form y — k^ot y •\-ky when the least value oiy will, in the former 
case, be the remainder r, arising finom dividing k by a, and in the 
latter case it will be a minus r.* 



* This rule does not differ much from that given by Mr. Nicholson, iD 
the Mathematical Companion, for 1819; it appears, however, to be rather 
more simple. 



EXAMPLES. 

1. Given 21<r -|- Ity =-£000, to find all the positive values of j? andy 
in whole numbers. ■ 

2000— 17y ^, 17y — 5 
Here x = -^ — - =95 ^ , and a = 21, | 



I 
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21y = fly 
17y — 5 =j5y — rf 



4y4-5 
4 

16y + 20 



y — 25=y — >fc; 



now ]{ gives a remainder = 4 = the least value of y, whicb, snbstitated 

2000 — 68 
in the above expression for <r> gives — = 02 ^ the greatest 

value of w, and by adding 21, the coefficient of x, continually to the least 
value of y, and subtracting 17, the coefficient of y, from the greatest 
value of x, we shall have all the possible values as follow : 



jr = 02 75 I 58 

yzz 4 25 I 46 

2. Given lOx = 14y — 11, to find x and y in whole numbers. 



41 I 24 I 7 
67 I 88 I 109. 



14y— 11 10^+11 , 5j?+11 

Herex = -^^j^ ^,y = — jl— =«+ — ^^— ,anda = 14. 



5f + 11 
3 



\5x 


+ 


33 


Ux 






X 


+ 


33 



Now ff gives a remainder =5, .•. 14— 5 = = the least value of 
X, and, since in this example the less x is the less will y be, we have, 



14 
solutions being indefinite. 



by substitution, ~ — = 13 = the least value of y, the number ot 
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3. Exhibit the number of different ways in which it is possible to pay 
20/. in half-goineafl and half-crowns only. 

Let » represent the half-guineas, and y the half-orowns, then, by 
reducing to sixpences, we have 

21a?-f-5y=800; 

800-5y_ 5y-.2 



21 




5y- 


2 




4 


20y- 


8 


2iy 




y + 


8 



21 



.*. Rs=s8, and 21 —8 = 13= the least value of y\ and .*. 35 is the 
greatest value of or, consequently, if we add 21 continually to the least 
value of y^ and subtract b from the greatest value of x^ we shall have all 
the possible values ; thus. 



a? = 35 



30 



y = 13 34 55 76 



25 



20 



15 



10 



97 118 130 



or the number of solutions, besides the one first obtained, might have 
been determined without this trouble, for the number of times that 5 can 
be continually subtracted from 35, so that the remainders may be all 
positive, is evidently one less than the quotient of 35 by 5, viz. 6 : had 
this division left a remainder, the number of solutions would have been a 
unit more, that is, the whole quotient. 

4. Given 5.r -)- Hj/ = 254, to find all the different values of as and y in 
positive whole numbers. 



c«= 

Ans. < 



= 9 
19 



20 
14 



31 
9 



42 
4. 



5. Given lU + 35y = 500, to find the least integer value of «. 

Ans. 20. 
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6. Given 10« — 117^ =: 11, to find the least integral values of x and t/. 

Ans. x = 56y and y = 9. 

7. Is it possible to pay 50/. by means of gnineas and three-shilling 
pieces only ? 

Ans. Impossible. 

8. A person bought sheep and lambs for 8 guineas, the sheep cost 1/. 6«. 
a piece, and the lambs 15^. How many of each did he buy ? 

li Ans. 3 sheep and 6 lambs. 

0. Is the equation 7x -f- 13y = 1 1 possible or impossible ? 

Ans. Impossible. 



PROBLEM II. 

To determine ^ 'priori the number of solutions that the equation 

ax •\-hy'=:.c 
will admit of. 

Let such integral values of af and y* be found, that we may have ax — 
^'= 1, which we have shown to be always possible (Prop. 1, Cor. 2) ; 

then, acx' — hcy^s>Ci .*. aa? + ^ = f^^x' — hcrf, 

and, consequently, we must have a? = ca?' — m^, and y=ima — cy'y 

where m may be any number taken at pleasure, that will make these 

values of x and y positive integers ; but, if no such value of m can be 

found, it will be a proof that the proposed equation is impossible in 

positive integers, and, on the contrary, as many suitable values of m as 

can be found, so many solutions will the equation admit of, and no more. 

Hence, because we must have caf > m^, and cy' < ma, the whole number 

of solutions will be expressed by the difference between the integral 

parts of 

ex , cy' 

because, as m must be less than the first of these fractions, and greater 

than the second, the difference of their integral parts will evidently express 

ex 
the number of different values of m, except when -r- is a complete iii- 

h 

teger ; in which case, since m < —r- , the difference of the integral parfa 
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wookl be one more than the number of different Talaes of m, therefore, 

e^ b 

when the exprewion -r- is an integer, we must consider -r- as a fraction, 

o o 

and reject it therefrom ; but this most not be done with the other quantity 

^^ because 
a 

tn ^ • 

a 



EXAMPLES. 

1. Required the number of solutions that the equation 9df-f-13jr; 
2000 will admit of in positive integers. 
In the equation 9x' — 13/ = 1, we hare 

•*— 9 —y ^ 9 ' 

therefore, 

4y' + 1 

2 



8y' + 2 
0/ 

3/'-2 

.*. y' = 2, and ^ = 3, hence the number of solutions is the integral part 

, 2000 X 3 ^, . . , , .2000 X 2 , . , . ,^ 

of :; the integral part of , which is 17. 

13 V 

2. In how many different ways is it possible to pay 140/. by means of 
guineas and three-shilling pieces only ? 

Ans. The payment is impossible. 

3. In how many different ways may 1000/. be paid in crowns and 

guineas ? 

Ans. 190. 
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PROBLEM III. 

To find the integer values of j^, y^ z^ in the equation 

ax •\'hy •\- €%•:=• d. 

Let c be the greatest coefficient in this equation, then, since the valuers 
of X and y cannot be less than 1, the value of % cannot be greater than 

d — a — h 

c 

if, therefore, we ascertain this limit, and then proceed as in Prob. 1, we 
shall at length arrive at a remainder of the form t/ ± s ± Ar, where, if 1, 
2, 3, <fec. up to the limit, be successively substituted for 0, all the values of 
X and y may be exhibited, as in Prob. 1. 

EXAMPLES. 

1. Given 3« + ^^ + "^^ = 1^> ^o exhibit all the different values of Xj 
y, and z, in integers.* 

100 — 3 — 5 
Here z cannot be greater than := 18| ; 

and by proceeding as in Prob. 1, 
^^100-|^^^^ 

2y + « — 1 



y-^+1 



* This example is the same as that given by Mr. Bonnycastle, at page 
232, vol. 1, of his Algebra, where he finds the number of solutions to be 
T, <' which,'' says he, <* are all the integer values of x, y, 2r, that can be 
obtained from the given equation :" from the above, however, it appears 
that 41 is the whole number of solutions. 

M 3 
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now, by taking xzszl, y becomes =: 0, and x = 31 ; but this answer is 
inaiimisdible, because y :=0 is not an integer, but, by adding 3, the coeffi- 
cient of X, to this Talue of y, and subtracting 6, the coefficient of y, from 
the value of x, we shall obtain another answer, and, by repeating this 
process continually, we shall obtain all the possible values of x and y, for 
this value of z ; and in a similar manner are the values of x and y to be 
found when s:=2, <fec., when all the possible solutions will be found to 
be 41 in number, and to be as follow : 






:=2 



2=3 



(.0? = 



= 6 






3 


6 


9 


12 


15 


18 


26 


2i 


16 


Jl 


6 


1 


1 


4 


7 


10 


13 


16 


2t 


22 


17 


12 


7 


2 


2 


6 


8 


11 


14 




23 


18 


13 


8 


3 




3 


6 


9 


12 




19:14 


9 


4 




1 


4 


7 


10 




20 


15 


10 


5 




2 


6 


8 


11 




16 


11 


6 


1 







Cy= 3 
td? = 12 

Cd?=13 

C.^ = 9|4 

C* = 6|l 



=s3 



= 2 
2 



It is obvious, from the above, that when the solutions are very numer- 
ous, the process will become tedious; but there is seldom any necessity 
to exhibit all the solutions at length, as is done here, since the object 
of inquiry is not so much to find the solutions themselves, as to deter- 
mine, a priori, the number that the equation admits of; the method 
of doing which will be pointed out in the next Problem: we shall, 
therefore, merely add another example to this problem, as an Exercise 
for the student. 
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2. Given 17aF -f- 19y -f- 2lz = 400, to exhibtt all the different values of 
K, y, and z, in integers. 

2= 1 

n 

d?=10 



Ans. < 3/ = 



2 


3 


4 


6 


6 


11 


12 


13 


14 


9 


7 


6 


3 


1 


8 


6 


4 


2 


11 


12 


13 


14 


15 


1 


2 


3 


4. 



PROBLEM IV. 

To determine the number of solutions that the equation 

ax + fry + C2 = rf 

will admit of, two, at least, of the coefficients a, b, c, being prime to 
each other.* 



* When this is not the case, the proposed equation must be transformed 
to another, that shall have two, at least, of its coefEicients prime to each 
other. Thus, if the equation be 

12.r + I6y + 205? =s 100001, 

by transposing 20;;, and dividing by 3, we have 



4ar-f-5y = 33334 -72 + 



2—1 



1 . 



is an integer, which call u, then 2 = 32^ -f" ^ » whence, by sub- 

stitation, the proposed equation becomes 

12r H- 15y + 20 (3w + 1 ) = 100001, 

which, by transposing the 20, becomes divisible by 3, and we then have 

4a; 4- 5y + 20m = 33327 ; 

in which equation, x and y have, of course, the same values as in the one 
proposed, and therefore the number of solutions must be the same ; but 
in this last one value of u may be 0, because 

z^3u 4" !• 
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By Prob. 2, the number of solutions that the equationa x 4- 6y = c 
will admit of, is expressed by the integral parts of 

b a 

y and y' being determined from the equation ax!' — lnf:=zl; therefore, 
in the equation ox + ^ = c' — <^<^> if we make ? = 1> 2, 3, 4, &c. 
successively, then the number of solutions 

ar + fty = rf-.cwiUbetheinteg.pts.of ^ ^ ^^ -^ 

o a 

{d — 2c)x' (rf— 2c)/ 



o 



ax-^by^=:d — 2c 



• ••••• 



b a 

<&c. <fec. <&c. 

the sum of which will be the whole number of solutions that the equa- 
tion admits of, that is, if we take the sum of the integral parts of the 
arithmetical series 

{d-~c)sf , (c/ — 2c)x' , (rf — 3c)x , (rf — 4c)x' 

b + b + 1 "*" -b + *^-' 

as also of the arithmetical series 

(rf-c)t,' {d^2 c)y' (dS c)y' (d^4 c)y' ^ ^ 

the difference of the two will be the whole number of integral solutions; 
now in each of these series the first and last terms, as also the number 
of terms, are known, for the general terms being 

(d — cz)x' , (d — cz)y 

~ 7 , and -^i ^^, 

a 

we shall have the extremes by taking the extreme limits of Zy that is, 
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J - .— h 

g^ly aad z < , which last value of z also expresses the 

number of terms in the series. 

I^ therefore, we find the sums of the two whole series, and then the 
sum of the fractional parts in each, by deducting these last sums, each 
firom the corresponding whole sum, the sum of the integral parts of 
each series will be obtained. 

In sunmiing the fractional parts, there will be no necessity to go 
through the whole series, for, as the denominator in each is constant, 
these fractions will necessarily recur in periods, and the nimiber in each 
period can never exceed the denominator ;* it will therefore only be 
necessary to find the sum of the fractions in one period, and to multiply 
this sum by the number of periods in order to get the sum of all the 
fractions, observing, however, that when there is not an exact number 
of periods, the overplus fractions must be summed by themselves, which 
may be readily done, since they will be the same as the leading terms 

b 
of the first period ; it must also be remembered that — is to be consi- 
dered as a fraction in the first series, as in Prob. ?. 



EXAMPLES. 

1. Given the equation 6je -}- "7^ + Hz = 224, to find the number of 
solutions which it admits of in integers. 

224 -^5-^7 
Here the greatest limit of ? < is 19 ; 



* This will appear from considering the above series ; for, if in the first 
series d and c be prime to each other, and neither of them prime to b, each 
term will be wholly integral, that is, the fractions will all be 0. If 6 be 
prime to d, and not to c, the fractions will be all equal. If b be prime to 
c, but not to df then the fractions will recur after the first integral term, 
which can never lie beyond the 6th term ; and, finally, if a, b, c, be all 
prime to each other, the series of fractions will always recur after the bih 
term. Similar observations evidently apply to the second series. 
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also in the equation 5a^ — 7y' =r 1, we have x = 3, and y' = 2, 
also a ^ 5, and 6 := 7 3 

therefore, the two series, of which the sums are required, beginning with 

*u 1 -*^ Crf— 19c)x' (rf— I9cy .„^ 

the least terms, ^^ ; — i— , and ^^ ^2_ will be 

h a 

3.15 3.26 3.37 , 3 . 113 

2.15 . 2.26 . 2.37 . 2 . 113 

and -_4.__ + __ + . ...__. 

3. 11 2.11 

the common difference in the first being -^ — , and in the second -V~> 

7 5 

and the number of terms in each 19. 

Now the sum of the first series is 928f , 
and the sum of the second 866} \ 

also the first period of fractions, in the first series, is 
and the first period, in the second series, is 

\ being considered as a fraction in the first period, but not | in the second. 

Hence the number of terms in each series being 19, we have two periods 
and five terms of the first series ^ 2 x 4 -f- the first five fractions ^ lOf, 
for the sum of all the fractions, and therefore 928f — 10^ = 918 ^ som 
of the integral terms of the first series : also in the second we have three 
periods and four terms ^ 3 x 2 + If = 7|, and therefore 866§ — 7| = 
859 ^ sum of the integral terms of the second series; whence 918 — 8^9 
^ 59 is the whole number of integral solutions. 

In a similar manner may the number of solutions be obtained when 
there are four or more unlcnown quantities. 

2. It is required to determine the number of integral solutions that the 
equation 3a? -[- 5y -[- "^s; = 100 will admit of. 

Ans. 41. 
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3. It is required to determine tbe number of integral solations that the 
equation 7a? -f- 9i/ + 23;? = 9999 will admit of. 

Ans. 34365. 

PROBLEM V. 

To find the integral values of three unknown quantities in two 
equations. 

When there are two equations and three unknown quantities, one of 
the unknowns may be exterminated as in simple equations (Art. 15, 
chap. 2), and the other unknowns may be found as in Prob. 1 of the 
present chapter. 

EXAMPLES. 



1 . Given 5 . ^ T -.^ T «* , «« ? > to find all the integral values of x, 
?J0.r + 3i/ + 22 = 120 5 



2d? + 5i/ -f- 32 = 51 
i0.r 4- 31/4-22 
y, and z. 

Here multiplying the first equation by 5, cmd subtracting the second, 
there results 22y + 132 = 135 -, 

135 — 22v ,^ 9y—6 
whence s = — — ^ = 10 — y j^ • 

ISy 
9y— 5 



^^4- 


5 
2 


8y4- 


10 


y — 


15 



.*. y = 2, and s = T, which are the only values of y and z, 

,\ x:= 10. 

It should be remarked here that we are not to expect that when z 
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and y admit of several values, each will satisfy the proposed equations; 
for the corresponding values of x may be fractional. All that we can 
infer is that the integral values of y and jar, deduced as above, contain 
among them all those which can subsist with integral values of x\ but 
what values do really so subsist can be ascertained only by trying each 
pair in succession. 

2. Given [ * ; ^/ . , * «^^^ > , to find all the integral values 
t 9x + 25y + 49x = 2920 S! ^ 

of Xi y, and z. 

rssl^ 130 

Ans. < y=:82 40 
(.*=15|50 

PROBLEM VI. 

To find the least whole number, which being divided by given num- 
bers, shall leave given remainders. 

Let a, a'y a'y &c. be the g^ven divisors, and 6, y, h'\ &c. the respective 
remainders ; also, call the required naml>er n, then n = ax -^ h -=. a''^ '\- 
h' = a'z -f- ^" = &c. J therefore clx ^^ay^^h'-^ 6, find then the least 
values of x and y in this equation, then will ox -f- &> or ay 4- ^'y be the 
least whole number that fulfils the two first conditions ; call this number 
c, then it is obvious that this, and every other number fulfilling the same 
conditions, will be contained in the expression aa%' -f- c,* t' being 0, 1,2, 
&c. successively, we have, therefore, aaz' -f c := a"z -|- 6", to find the 
least values of z and z, in which case aa'z -f- c:= oi^'z -f- ^"t will be the least 
whole number fulfilling the three first conditions ; call this number d, then 
will this, and every other number fulfilling the ?ame conditions, be con- 
tained in the expression aa'a'y' -f d, and equating this with the fourth 
expression for the value of n, and deducing thence the least value of y't 
the expression aa'a'y* + ^ will then be the least number answering the 
four first conditions ; and so on to any proposed extent* 



* We are here reasoning on the supposition that a, a', <fec. are prime 
to each other ; if, however, they have a common factor, it should be 
expunged from the expression aa'z*. 
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EXAMPLES. 

1. Find tile least whole number, which being divided by 11, 19, and 29, 
shall leave the remainders 3, 5, and 10 respectively. 

Here n = llx + 3 = 19]/ -f- 5 = 298 + 10, 

llx — 2 



and .•• IPy — llx = — 2, and y = 



19 



llx— 2 
2 



22x — 


4 


\9x 




3x — 


4 




7 


21x — 


28 


* + 


24 



.•. a* = 14, and 11 J 4- 3 = 157 ; hence we have 

11 X 19*' 4- 157 = 209x' + 157 = 29x + 10, 

2091' + 147 ^ , L A ^ 6x;-|-2 
and . . . « = ^— = 7a; + 6 + -29- ^ 

6/4- 2 
5 

30x' + 10 
29x 

1^+10 
.•. x' = 19, and, consequently, 209*' + 157 = 4128, the number required. 
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2. Find the least whole number, which being divided by 17 and 26, 
shall leave for remainders 7 and 13 respectively ? 

Ans. 143. 

3. Find the least whole nnmber, which being divided by 28, 19, and 15, 
shall leave for remainders 19, 15, and 11, respectively? 

Ans. 7691. 

4. Find the least whole number, which being divided by 3, 5, 7, and 2, 
shall leave for remainders 2, 4, 6, and 0, respectively? 

Ans. 104. 

5. Find the least whole number, which being divided by each of the 
nine digits, shall leave no remainders ? 

Ans. 2520.* 



* For several particulars in this chapter the author is indebted to 
Barlow's Theory of Numbers, a work which cannot be too strongly re- 
commended to the notice of the English student. There is no part of 
mathematical science that requires such an intimate acquaintance with the 
properties of numbers as the indeterminate analysis, and the work just 
mentioned is the only production on that interesting subject in the English 
language, with the exception of Malcolm's Arithmetic, 
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CBAPTBB. VZZZ. 

ON THE DIOPHANTINE ANALYSIS. 

(168.) DioPHANTiNE Algebra* is that part of analysis which relates 
to the finding particular rational values for general expression under a 
surd form ; the principal methods of eflfecting which are comprehended 
in the following problems. 

PROBLEM I. 

To find such values of ^ as will render rational the expression 

V fluc* ^- 6j? 4" *^' 

Before we can give any direct investigation of this problem, it will 
be necessary to consider the nature of the known quantities a, b, c, be- 
cause there are several cases in which the thing here proposed to be 
done becomes impossible, and that solely on account of these known 
quantities. 

Case 1. When a = 0, or when the exprestion is of the form w bx •{- c. 

Put ^ ba-\- c z:: p, ot bx •{• c := j]^, then a? = ^—r — • j consequently, 

whatever value be given to p, there must necessarily result a corresponding 
value of X that will render the proposed expression rational, and equal to p. 

EXAMPLES. 

1. Find a number such, that if it be multiplied by 5, and the' product 
increased by 2, the result shall be a square. 

* So called from Diopbantus, a Greek mathematician, who lived about 
300 years before Christ, and who appears to have been the first writer on 
this branch of Algebra. 
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Put 5x 4" 2 =/»', then x = ^— - — ; if we aamme p =z 2, then a? = j; 
and by assmning other Talaes for jv^ different values of x may be obtained. 

2. Find two numbers, whose dll^ence shall be equal to a given num- 
ber a, and the difference of whose squares shall be also a square. 

Let jf be one number, then a '\' x\a the other, and we have to make 
(a -|- «)• — «•, or o' + 2as, a square. 

«« — ftS 

Put a* -f- 2ax =: p\ then a» = ^■—- , where the value of p may be 

any number assumed at pleasure. 

3. Find a number such, that if it be multiplied by 9, and the product 
diminished by 7, the result shall be a square* 

4. Find a number such, that if it be increased by \ of its own value, and 
11 be taken from the sum, the remainder shall be a square. 



Case 2. When c = 0, or when the ejcpression is of the form 

'vox* -f- bx. 

Put s/(u^ -f bx = px, or ax* + 6x = ^x*, then ax -f- ^ = i?** J whence 

X = -r , and whatever value be given to fi in this expression, there 

will result a value of x that will make the proposed expression rational. 



EXAMPLES. 

Find a number such, that if its half be added to double its square, the 
result shall be a square. 

Let X be the number, then we must have 2^ -f ^x =: a square, which 
denote by ;?V, then 2x + ^ = p% or 2x — p^x = — ^ ; .•. x = 

„ ^ , p being any number whatever. If p be taken = 2, then x = J. 
p* — 2 

2. Find two numbers, whose sum shall be equal to a given number Oy 
and whose product shall be a square. 

Let X be one number, then a — x is the other, and we have to make 
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ax — «* a square. Put ax — «' :=p^x*, then a — x:= p^Xy whence x = 

a 

, , p being any number whatever. 

3. Find a number such, that if its square be multiplied by 7^ and the 
number itself by 8, the sum of the products shall be a square. 

4. Find a number such, that if its square be divided by 10, and the num- 
ber itself by 3, the difference of the quotients shall be a square. 

Case 3. When c isa squarCy or when the expression is of theform 



n/ax' + 6* -f c*. 



Put ^ax^ -\'bx-\'C» = px + c, then ax« -f- 6x + c* = /r» + 2cpx -f- 
c*, or ax^ 4- ^j? = />»«• 4- 2cpx, .% a« '+ t = p^^ + 2<?p> whence x = 
2cp — b 



a 



.-»» 



EXAMPLES. 

Find two numbers, whose sum shall be 16, and such, that the sum of 
their squares shall be a square. 

Let a be one number* then 16 — d? is the other, and we have to make 
gS ^ (16 — xy, or2aj* — .32x4-256, a square, which denote by (px — 
1 6)* =;>*a«— d2px 4- 256, and we then have 2x* — 32j? = p^x* — 32px, 
or 

32(;> — 1) 
2x — 32 := jff'x — 32p, whence x = — o^^ 

If we take fi =: 3, we shall have x =9|, .'.the two numbers are 9|, 
and 6;. 

2. Find two numbers, whose difference shall be equal to a given num- 
ber a, and the sum of whose squares shall be a square. 
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Case 4. When a is a square, or when the expression is of the form 



tja^x* 4- 6x + c. 



Put ^a^a^ 4- 6j: -|- c = a* -f-/>> ©^ 

a V + 6* 4- c = aV + 2pax + ;>% 

then A* 4- c = 2»(m? 4- PS •*• a: ^ -r ^—r • 



EXAMPLES. 

1. Find a number sucb, that if it be increased by 2 and 5 separately, the 
product of the sums shall be a square. 

Let X be the number, then we have to maire 

(x 4- 2) (x 4- 5), or X* 4- ''^^ 4" ^0, a square, which denote by {* — p)\ 
then x« 4- 7i 4- 10 = a* — 2;?j 4- p\ or Tx 4- 10 = —2;?x 4-;?», .-. a?= 

p« — 10 

l+2p' 

If we take /? ^ 4, we shall have x = |. 

2. Find two numbers, whose difference shall be 14, and such, that if 
the first be increased by 3, and the second by 4, the product of the sums 
shall be a square. 

3. Find two numbers, whose difference shall be 3, such, that if twice 
the first increased by 3, be multiplied by twice the second diminished by 3, 
the product shall be a square. 



Case 5. When neither a nor c are squares, hut when h* — 4ac 

is a square. 

In this case it will first be necessary to show that the expression ax* 4* 
bx-\- c will always be resolvable into two possible factors. For if we put 

b c 

x^ A X 4 = 0, and solve the equation, or find the two values of x 

a a 
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in it, as X r= k, and « = A:', then a; — Ar, and x — k\ will obviously be 

h c 

the two factors of x' -\ x -\ ; and therefore 

a a 

a(x — k) (x — A:') will be equal to the proposed expression. 

Now the values of x in the above equation are 



x= — - — [- -^ , andx^ — -^ » 

2a^ 2a ' 2a 2a ' 

or putting 6* — 4a<? ^ cP, the values of x are 

(I— h b-\' d 

-— — , and — J and, consequently, 

we see therefore that the proposed expression under these conditions is 
always resolvable into two factors. 

Let there be then 



^ax^ + 6x + c = s/{fx + g) (Ax + Ar), 
which put equal to p(^fx -f- g^> then 

(A + g) (hx + k) =zp\fx + g)^ ; 
or (/*j? + k)=:p^(/x + g) ; 

whence x := 7-^ — ?>• 

A— i?y 

EXAMPLES. 

1. Find such a value of x as will render the expression 6x' -f 13x + 6 
a square. 

Here a^ 6, 6 = 13, and e ^ 6, and, as this expression evidently does 
not belong to any of the preceding cases, it will be proper to try whether 

^ 4ac is a square, which it is found to be, viz. 25; we are certain, 

therefore, that the expression may be represented by two factors, which 
are readily found to be 2j? + 3, and 3x + 2. 

Put therefore dx^ + I3x + 6, or (2x + 3) (3x + 2) = [;?(2x + 3)]«, 
and it follows that 3x + 2 = f(2x + 3), 
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3p»— 2 



whence x ^ 



3 — 2;»* 



If we take p^l, then jf^l, and the expreMion becomes equal to 2^. 

2. Find gach a value of x as will make 2x' + lOx + 12 a square. 

3. Find snch a valoe of x as will render rational the expression 

^8i» + dx — 2. 



Case 6. When the proposed expression can be divided into two parts, 
one of which is a square, and the other the product of two factors* 

This is the last case in which any general method of proceeding can 
be pointed out, and may often be serviceable when the expression does 
not come under either of the preceding cases. It is, however, some- 
times troublesome, to find whether the proposed expression can be 
decomposed as this case requires, or not ; but if it be ascertained that 

it can, the expression Vflx* -{-bx •{- c may be put under the form 
>^{dx -\- ey 4- (JjF 4- g) (Jix 4- k), and if we equate this with {dx + e) 

+ P CA + 8)9 ^^^^ ^11 result 

(dx + ey+i/x + g) (hx + k) 

= (dx + ey + 2pidx + e) (fx + g) + p\fx -f gy, 

or Ax + Ar = 2p(rfx + e) + P\fx '\- g) J 

whencex-^__^^2rf + p/) 



EXAMPLES. 

Find a value of x such, that 2x^ -\-%x -\''t shall be a square. 
This expression, after a few trials, is found to be equivalent to {x 4- 2)' 
4- (x 4- 1 ) ("^ 4" 3)» which being equated with 

[(X 4-2) -K^ 4- 1)? = (*+ 2)«-2Ka^ 4- 2) (^ 4- 1) 4- F»(» -f !)'» 
there results x 4- 3 = — 2/?(a' 4- 2) 4- i0*(x4- 1); 

whence x = , . , 5 • 

14-2;>—i»« 
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If we take jp = 3, we shall have s^S, and 

2. Find a value of x such, that 12a;' + 17a? + 6 may be a square. 

(190.) We have now given all the cases in which general methods 

have been discovered to render the expression ,^ax'^ + fej? + c rational ; 
but as it may have rational values in other cases, it is of importance to 
be able to determine them. 

Now this can only be done when one satisfactory value is already 
known, which value must therefore be found by trial ; this being ob- 
tainedy other values may be readily deduced. 



(169.) Suppose the expression »yax^ + 6jr + c is found to become 
rational when J7 = r, and that the value of the expression in this case 
is s; then or* + ^ + c = s'. Put x=zy ^r, and we have, by substi- 
tution, 

CUP* -f- ix + c = a(y + r)' + 6(y + »*) -f- c 

= ay' + (2ar + 6)y + ar* + ^ + c ; 
= ay»+(2ar +% + *«, 

aod^ as this form comes under Case 3, the value of j^, in order that this 
last expression may be a square, can be found, and thence that of a: = 

EXAMPLES. 



1. Find sach values of s that will render the expression 4/IO -j- 8x — 2a^^ 
rational. 

This expression is found to become rational when x = 3. 

Put therefore or = 3 + y, and we have, by substitution, 10 + 8a? — 2ap' 
= 16 — 4y — 2^*, which must be a square ; denote it by (4 — py)' ^16 
— 8/jy -j- p'y', and we shall have 

16 - 4y — 23/« = 16 — 8ioy + /;«j^S 
or — 4 — 2y =— 8;> -f /?V ; 

whencey=^^: 

If we take ip =2, then y =: 2, and .*. x = 5, and the value of the pro- 
posed expression is 0. 
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2. Find sach Talues of x as will render the exPression ,Jbi^ -{- 12.r -f 
rational. 

3. Find a number such, that if three times itself be taken from ttu 
times its square, the remainder increased by 3 shaU be a square. 



PROBLEM II. 



To find such Talues of j: as will render rational the expression 



There are but two cases in which a direct solution can be giTen 
this problem. These are the following : 



Case 1. When the two last terms are absenty or when the eijprtss^ 

is of the form 



n/aaP + bx^. 



Vwi ^ax^+hs^c=pxy or ox* + ii^ = p»«a, then ax +6= f^; 

whence x =: — . 

a 



EXAMPLES. 

1. Find a number such, that if three times its cube be added to 
ltd square, the sum shall be a square. 

Here we must make 3ap' + 2x* a square ; let p»«« be the squai*. 

If we take p = 3, we have x := 3, the number required. 

2. Find a number such, that if five times its square be taken froa' 
times its cube, the remainder shall be a square. 
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Case 2. When the last term is a square^ or when the expression 

is of the form 

i^acc^ -^ ba^ -\' ex -{- rf*. 



Put Vax» + 6ar» + ex + rf«= ^ + «f * J 
then ax' -^har^ + cx -|- rf*:= — — x^ -^cx-^tP, 
or ai* H- 6j!*= -t^** ; 

3 

c^ — 4W« 
whence x ^ — 7—= — • 

This solution gives only one value of x, but from this^ other values^ 
when possible, may be obtained by the method next following. 

When the second and third terms are absent, this method evidently 
&ils. 



EXAMPLES. 

1. Find such a value of ^ as will make the expression 3s^ — 53^ -j- 61 
-|- 4 a square. 

Put 3r» — 5«« + 6a? -f- 4 = (|x + 2)» = Ja« -f 6ji+ 4, 

then 3a?' — 5a?« = J**, or 3x — 5 = J ; 

whence x =s 



which value being substituted in the proposed expression, makes it equal 
to (f )«. 





* The expression is assumed equal to r-^x -f d, in order that the two 

2a 

last terms in its square may be the same as the corresponding terms in the 

proposed expression. 

n2 
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2. Find sach a value of x asi will make x* — a^ -|- 2« -|- 1 a square. 

Ans. or s= 2, 

3. Find a value of x that will make the expression — bsi? 4* ^^ — ^ 

-|- 1 H square. 

Ans. x^ — 1. 

To these two cases may be added, as in the last Problem^ a thirds by 
which other values may be had from one being previously known. 

(170.) Suppose it is already known that the expression 



/y/ar' + ^x* -j- cd? + <f 

becomes rational when x-^r^ and that the value of the expression then 
becomes •=■ s ; that is, let 

then, as in Art. (191), put x =y + r, and we have 

^ + 2iry +br^ =bx^ 
cy -^ cr =zcx 
d=:d 

fl^-f- *y + cy -f *a = n*, 

b', c', and s^, representing the sums of the quantities under which thej 
are respectively placed, therefore the value of y may be determined by 
last case. 

EXAMPLES. 



The expression ^x^ — x' + 2x + I is found to become rational when 
a: = 2 : it is required to find another value of x that will answer. 

Put <r = 3/ + 2, then a^ — a-* + 2x + 1 =y* + 3y* -f 8y + 9 ; assume 
this last expression equal to 

(ly + 3)«, or\,VH.8y + 9; 

then y» + 3i/« = ^yS ory+3 = ^; 

whence y = — \f, and .•. x =:2 -|- 1/ = J. 

* This symbol is used to signify the words, a square. 
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2. Find a value of oc in the expression ,Jo^ -)- 3 ^ 0> besides tlie case 

Ans. X = — Vk, 



3. Find a value of x in the expression ,J^x^ -f- 1 := q, besides the case 

x-^ 1. 

Ans. x = — \\, 

SCHOLIUM. 

There are many cases in the preceding Problem in which the un- 
known quantity admits of only one rational value^ and many more in 
which the expression is impossible. If any expression can be divided 
into Actors, one of which is a square, this square may be rejected, and 
the remaining ^tors only used. Thus, if the expression or* -|- hx^, or 
dj*(flj: + h\ is to be made a square, it will only be necessary to make 
IMP -|- ft a square; also, in the expression 3^ — 3^ — x + 1, which is 
equal to (1 — xf (1 4- a?), it will be only necessary to m£ike 1 H- i* a 
square, in order that the whole expression may be a square. 



PROBLEM III. 

To find such values of x as will render rational the expression 



J v^flfj?* + ft** + cdf* -f rfo? + e. 

i. 

In this Problem there are three cases in which a direct solution can 
^ obtained. 

Oase 1. When both the first and last terms are complete squares, or 

when the expression is of the form 



^aH* -h ft2^H-c^ + rfa? + e«. 

^at «^JP* -f ft** -|- ca?* + ^ + ** = («'*'* -\- ma -\- ey=s a^a* + 2amx^ 
+ (m«-f2atf)r» + 2mex + <?*} 

^n, in order that the three first terms in each side of this equation may 
^troy each other, we must make 

ft =s 2am, otmssz — , 

2a' 



t 
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and there will result 

ca^-\-dx=s (m* + 2a^>* -f 2mex', 

d — 2me 

whence x=s , . ■ , 

i»*-f 2ac — c 

b 
OTf gabstitnting for m its equal r-'f we have 

^a(ad — be) 



or, since e is foand in the proposed expression only in its second power, 
it may be taken either positively or negatively ; hence we get another 
valae of of, viz. 

^a(ad-^be) 

Or this case of the problem may be solved differently by making d ^ 2ffitf, 

when m will be equal to -— , instead of -—, and we shall have 

2e 2a 

ix» -f caf* = 2amx» -f (m« -f 2ae)af* j 

m* + 2ae — c 



whence x = 



b — 2am 



or, substituting for m its equal — , we have 

— <^-f 4g »( 2ag~c) ^ 
4e(be — ad) ' 

d^-'4e^(2a€ + c) 
or a: = ...,,. ; 
4.e{be -\- ad) 

this last value being obtained from supposing e negative, as before. 

Hence, by employing these two methods, four solutions may be ob- 
tained : it must be observed, however, that they all fail when b and d 
are both 0. 
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EXAMPLES. 

1. It is required to find such a value of x, that the expression x* — 6j^ 
-|_ 4;p« — 24« +16 naay be a square. 

Put, according to the first of the above methods, 

«4_6^-|-4x« — 24a?+ 16 = (x«— 3^ — 4)« 
= X* _6r» 4- zp«+ 24j + 16, 

and there results 

4««— 24x = x*-f-24r, 

or4x — 24 =:ar -f 24; 
whence x := If := 16. 
If^ according to the second method, we put the expression equal to 
(x2 -f 3x — 4)« = X* + 6x3 4- r» — . 24x + 16, 
we have 6x* + a?* = — 6x3 -j" ^^ » 
whence x = f . 
By taking 4{=: e) positive, each of these solutions gives xz=0, 

2. It is required to find such values of «r as will make x* — 2x^ -f 2x 

4- 2x 4" 1 a square. 

Ans. x= 4, or — J. 

3. It is required to find such values of x as will make ^x* + 3x -f 1 
a square. 

Ans. 0? = 81, or Jg. 

Case 2. When the first term only is a square, or when the expression 

is of the form 



4^a'x* 4- ^^^ H~ ^^ -^ dx-\-e. 

Put a^x* 4- ^ + ^** -^ dx -\- e =^ (ax* 4" 'wx 4* w)' ^ 

ax* 4- 2ama^ 4" (»*' -|~ 2a»)x' 4" 2mwx 4- n^ » 

then, in order that the first three terms in this equation may destroy each 
other, we must make 
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2a 

** = "2S— = --1^5"' 
we hare therefore dx-^ ess 2nmse + ^' > 



whence 47= 



n* — e 



(j — 2mii' 
or, snbatitatiDg for m and n their Tallies aa deduced above, we hare 

* "" 8a«[8a*d — A(4a»c — 6«)] ' 
When 6 and d are both 0^ this formnla fails, the same as in the last case. 

EXAMPLES. 

1. Required a value of x such, that the expression 

4«* 4* 4** -f 4«* + 2x — 6 may become a square. 

Heremssly andn=f, therefore 
put 4x* + 4^-f 4x* -f2x--6= (2^ + « + J)« = 

4x*+4«»-f4««-f i» + ^i, 
and we have 2^ — 6:= jx-f ^\ 

whence a? = ^g^ = 13}. 

2. Required such a value of Xy that the expression x* — • 3« -f- 2 may 

become a square. 

Ans. X ^\' 

3. Required such a value of x, that the expression ai^ — 2^^ -|- 4x* » 2« 

-^ 2 may be a square. 

Ans. 0? = |. 

Case 3. When the last term only is a square, or when the expression is 

of the form 



i^ax* -|- Aar* 4- ca?* + tte + ^* 
Put ax* + bx^ + cx« + fl?« + e^=(mx^ + wo? + e)« = 
»i'.r* + 2m«a?' -f (»« -f 2me)a^ + 2ne* + ^ 5 
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then, in order that the three last terms on each side of this equation may 
destroy each other, we must make 

d 
d^=z2ne 

c = n' H- 2me 5 

2e 8^3 



J whence < 



and we shall then have 

or cue -\- b = m*x -|- 2»*n ; 

2mn — b 



whence x^ 



a — m' ' 



or, sabstituting for m and n, their values as deduced above, we have 

_ 8g«[rf(4ce»---- d^) -8&g*] 
"^"^ 64ac« — (4cg— flr»)« ' 

which formula fails under the same circumstances as those of the preceding 
cases. 

The first case of this Problem is evidently included in each of the 
two last cases, and therefore either of the two formulae last deduced is 
also applicable to the first case. 

EXAMPLES. 

1 . Find such a value of x as will make the expression 

5a* — 4a?* + 3a?' — 2x -j- 1 a square. 

Here m= 1, and n := — 1, therefore 

put5a^* — 4i^ + 3^ — 2x+ 1 = (a-*— x-f l)«s= 
iP*— 2^ + 3j7a--2x + 1, 

and we have 5je* — 4x' := x* — 2a^, 

or 5d? — 4 = X — 2 ; 

whence x := ) = j^. 

2. Find a value of x such, that we may have 2a* — 3x -j- 1 = rj . 

Ans. xs=^. 

3. Find such a value of a? that we may have 22x* — 40x^ — 40a* -f 64x 

4- 18 = D. 

Ans. jr = \yi, 

N 3 
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When the proposed expression does not come under either of the 
above cases, then, a& in the preceding Problems, one satisfactory value 
of the unknown quantity must be discovered by trial, after which, other 
values, when possible, may be obtained ; but in this, as well as in the 
preceding Problems, there are many expressions in which the unknown 
quantity admits of only one value, and, in a great many instances, the 
value is impossible.* We now proceed to show how to find other 
values from having one value already given. 

(171.) Suppose it is already known that the expression 



sjaac^ -^ bs^ -^ c:i^ ■\- dx •\- e 
becomes rational when jr =:r, and that we have 

ar* + 6r» + cr« 4- rfr 4- ff = *». 

Assume v -H r =: t, and we have 

ay< _j- ^ary^ + fiar'j^' -|- 4ar'i/ -|- ar^ = cm?* 
hf + 3Ary« + 36rV + *r» = 6 j^ 

dy -^ dr =sdx 



the terms in the last line representing the sums of the quantities under 
which they are respectively placed. 

Hence the expression is reduced to a form in which the preceding 
case will apply, and therefore the value of y, and thence that of j:, may 
be determined. 



* It would be impracticable to give in this work a view of all the impos- 
sible forms of the expression here treated of : the reader is therefore refer- 
red to the work mentioned at the conclusion of last chapter. 



ON THE DIOPHANTINE ANALYSIS. 275 



EXAMPLES. • 

1. Find such values of x, that the expression 

Sx* + 2x' — 5x' -{-la — 3 may be a square. 

It appears^ upon trial, that if 1 be substituted for a, that the expression 
will become a square, viz. 4. 

Put therefore a? = y + 1, and we have 

3a^ + 2r»— 5a:*+7x— 3 = Sy* + 14j^ + 19y« + \6i/ +4, 
which must be made a square ', therefore, according to the last case, denote 
this square by 

and we shall then have 

3y* + 143^3 ^ j^y4 + ,m^3^ 

orSy +14 = %% + if^ ; 
whence y = ^\ 
and, consequently, x = ^j}f . 



2. Find a value of x that will make j^x* — 2x^ + 2 rational, besides the 

case^= 1. 

Abs. d? = J. 

3. Find a value of x such, that the expression 

22i*— i28j73 + 212x2— 64x— 26 
may be a square, the case x=s\ being already known. 

Ans. d?=r 1^.* 

PROBLEM IV. 

To find such values of j: as will render rational the expression 



^ax^ + 6<»* + ex -f d. 

In this Problem there are likewise only three cases in which a direct 
solution can be obtained. These are as follow. 

* No methods have yet been discovered for rendering expressions of the 
above kind rational squares, if the unknown quantity exceed the fourth 
power ; not even when a satisfactory case has been obtained by triaL 



«- , 
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Case 1. When hothfint and Uat terms are cubes, or when the 

expression is of the form 



•t 



' ^a»a?» + Aar« -f «» H- rf». 

Put aV -f te« -f c* -f rf* = (o« + lO* «= «»«» + 3a«rfx» + BatPx + 
iP, and we have 

or &c -{- c =s 3a*<2« + 3<>^ S 
3<wP — c 



whence x:= 



A- 3a\i' 



EXAMPLES. 

1 . Find a value of a such, that the expression 

«3 4- 9x* -|- 4* -f" ® ™*y ^ * cube. 
Put x« + 9i« + 4x -f 8 = (« + 2)5 =«« H- 6x« -f 12i + 8, 
and we shall then have 

9«« + 4x = 6i« + I2:r, 
whence x = j = 2J. 

2. Find a value of x such, that the expression — 125x3 -|> S9x^ -f- 28x 

+ 8 may be a cube. 

Ans. x = |?. 



3. Find a value of x such, that the expression Ha^ -f 42d?« — Sx -f 27 

may be a cube. 

Ans. Of ^ 10}. 

Case 2. PT^e/z the first term only is a cube, or when the expression is 

of the form 



X/a^x^ + ^ 4- CO? + rf. 

Put a*x^ 4- ix» + ex + rf = (ax + my = a^x* + 3a*inx' + 3a»i*x 
+ m^, and make 

Sa^m = 6, or m ^ — -s, 

3a* 

and we shall then have 

ex 4- '^ = 3a»»'x 4- '«^ 
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whence « = 



Saw*' 



b 
or sabstituting for m its equal --— , we have 

K = 



(3ca« — 6>)9a' 

EXAMPLES. 

1. Find a value of x that will make the expression 

8a?* — 4«* 4- 2ar — 12 a cube. 

Put 8«» - 4a;« -f 2x — 12 = (2jp — J)» = 8x» — 4«« + }^ — j,, and 

we get 

2x-12 = J*-A; 

whence x = ^. 

2. Find a value of x such, that the expression x* — 3x' -j- « ™&y he a 
cube. Ans. x = |* 

3. Find a value of x such, that the expression i * -f 3c' -{- 133 may be 
a cube. Ans. x ^ 44. 

Case 3. Wfien the last term only is a cube, or when the expression is 

of the form 



l/aa* + hx^ 4- ex + rf». 

Put ax» H- 6x« + ex -f rf« = (mx + rf)« = m»*' + 3wVx* + 3wd»x 
4- <i'> and make 

c = 3»M^, ori»=^, 

and there results 

ax» + bv^z=m*3^ + 3m«rfx», 

or ox -|- A =sm^x -f 3m*rf ; 

3m«rf— i 



whence x 



a — m' ' 



or substituting for m its equal — ^, w have 

_ (c« — 3^rf»)9rf8 
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EXAMPLES. 

I . Required such a value of x that will make the expression 

2x» + 3x2 — 4x + 8 a cube. 

Put2i« + 3^^—4x4- 8 = (— Jx4.2)» = — Ax8-f Jx«— 4x+8, 

and we have 

2x» -f 3x« = — ix» 4- Jx«, 

or 2x + 3 = — ^x + J ; 
whence x = — 



2. Find a value of x such, that the expression 3x^ + 2x + 1 may be a 
cube. Ans. x ^ 



3. Find such a value of x, that will make the expression 3x^ — Qa^-^-Hx 
-|- 1 a cube. Ans. x ^ — ^ 

These two last cases are evidently applicable to those forms belong- 
ing to Case 1st, and therefore, when the first and last terms are both 
cubes, three solutions may be obtained, one from each case : it must 
however be obsenred, that they all fail when b and c are both 0. 

Having now given all the cases in which a direct solution of the 
problem can be obtained, it remains to show, as in the preceding pro- 
blems, how, from having a particular solution, others may be derived 
from it. 

(172.) Suppose the expression 



^ax» + Ai2 + cx+rf 
becomes rational when j: = r, and that then 

ar* -f 6r2 -f cr 4- rf = «3. 
Assume y + r = j, and we have 

ay* + Sary* + Sar^ -f ar* = ax' 
bir* + 2bty H- *r« = bx* 
cy -^ cr = ex 
d =rf 



ai/3 -^ i/y% _j. c'y + «* = a cube. 

The expression is therefore reduced to a form which is resolvable by 
last case. 
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EXAMPLES. 

1 . It is required to find such values for x, that the expres»ion 2x^ — 4«* 
4- 6.T +4 may be a cube. 

It appears, upon trial, that x = 1 is a satisfactory value ; put then x = 
y -^^t and the expression becomes 

2tr' + 2y« + 4y -f 8. 

which put equal to 

(Jy + 2)» = Ay» + Jj/» + 4;, + 8, 

and there results 

22,' -H 2y» = iy3 + jy, 

or 21/ +2 =^y + J; 

whence 1/ = — g ; 

and, consequently, x = *}. 

2. Find a value of x that will make x^ -\- x -^-l a, cube, besides the case 
«^ — 1. Ans. x=: — 19. 

3. Find such a value of x^ that the expression 2x^ — 1 may be a cube^ 
besides the case x = 1. Ans. Impossible. 



ON DOUBLE AND TRIPLE EQUALITIES. 

(173.) In the preceding Problems, the object of our investigations 
has been to find rational values for expressions under a surd form ; and 
our inquiries have been directed to each expression separately. 
Questions, however, often occur in the diophantine analysis, that 
require us to find values for the unknown quantity, or quantities, that 
shall not only render a single expression a square, cube, &c., but 
that shall also, at the same time, fulfil similar conditions in one or more 
other expressions, containing the same unknown quantity or quantities. 
In the case where two expressions are concerned, it is called a double 
equaliti/y and where there are three expressions, a tHple equality, &c. 
The following methods of resolving these equalities will be of service 
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to the Student in ordinary cases; but in those instances where the me- 
thods here g^ven are found to be insufficient, he must be guided by his 
own penetration and ingenuity, since no general method of proceeding, 
that shall be suitable to every case that may occur, can be given. 



PROBLEM I. 

To resolve the double equality 

ex + rf = o . 

Put OF + 6 = j)', and ex •{■ d=s q\ then, equatii^ the two values 
of X, which these equations furnish, we have 

= , or crfl — ch = aq* — ad ; 

a c 

therefore c*p' = ccxp — cad •+• c*^, 

and, consequently, q must be such a value that the expression 

caq^ — cad + cVt 

may become a square, which value may be ascertained by one or other ' 
of the preceding methods, and thence the value of x may be deter- 
mined. 

PROBLEM II. 

To resolve the double equality 

ax^ -f- ftx= Q, 
c** + rfop = □ . 

Put jc = — , then, if each equality be multiplied by y\ there •'J- 
result the double equality 

which belongs to the preceding Problem. 
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Or put (ufl •\- bsssf^a^f then ax -^ b =ji^x, and^ consequently^ 

*= :st — n> ^^ ••• <?*• + ''*= <ri — -)* + <'(;3 — ::)= ° > 

pr •— a p* -^ a p^ —-a 

or, multiplying by the square (p* — o)', it becomes 

cb* — abd + 4djp* = Q ; 
whence p may be determined, and thence x. 



PROBLEM III. 

To resolve the double equality 

ax* 4" ^* 4" <? = D > 

do^ -f- ^* +/= n» 
Here it will be necessary first to resolve the equality 

a** 4" ^* + ^ = D 

by Problem 1, and to substitute the value of jr so deduced in the se- 
cond equality 

rfa» + ex +/= a, 

which will, in consequence, rise to the fourth power, and therefore its 
solution will belong to Prob. iii., pa. 269. 

PROBLEM IV, 

To resolve the triple equality 

Off + *y =r Q, 
c* + rfy = n, 
ex 4-/y=D. 
Put 

ax •{• by = fi, 

ex '\' dy =:. «*, 
ex -f-^ = *aj 



i 
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then, by expuoging y firom the two fint equations, we have 

ad — be 
and, by expunging x from the same equations, we have 

therefore, by substituting for x and y, in the third equation, theii 
spective values here exhibited, we shall have 

af — be „ cf — de, 

or putting u = tZy and dividing the expression by the square t\ 
arises the equality 

af — be J cf — de 

ad — be ad — be * 

from which the values of z may be determined. 

Having then found the values of Zy we shall have, from the x 
values of x and y, observing to write iz for m, the following re 
viz. 

d — bz^ ^ gg* — c 

ad — be ' ad — be ^ 

where t may be any value whatever. 

(174.) The above are the most general methods hitherto disco 
for the resolution of double and triple equalities ; we may the 
proceed to show the practical application of the foregoing parts c 
present chapter to the solution of diophantine questions : but, a 
been already said, the student must be expected to meet with cai 
which the mode of proceeding must be left, in a great measun 
his ovm penetration and judgment to suggest. Indeed, the subje 
which we are now treating has exercised the ingenuity of some o 
most eminent mathematicians of Europe; but Euler and Laj: 
have been the most successful in combating tlie difficulties with v 
it is attended. The performances of the former are contained i: 
second volume of his Algebra, which, with the additions of Lagn 
forms the most complete body of information on the diophai 
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analysb extant; and it is to this work chiefly that the attention of the 
student is directed.* In the following solutions it will frequently be 
observed that much depends upon the nature and relation of the 
assumptions made at the commencement, as a little artifice and inge- 
nuity here will often enable us readily to satisfy one or two conditions 
of the question, when those that remain may be fulfilled by one or 
other of the known methods already given. 



MISCELLANEOUS DIOPHANTINE QUESTIONS. 

QUESTION I. 

It is required to find a number such, that if it be either increased or 
diminished by a given number a, and the result be multiplied by the 
number sought, the product shall, in either case, be a square. 

Let X be the number required, then we have to make 

X* — a* =s D . 

Put X = — , then these expressions become 

1 . a 






1 a_ 

and, multiplying each by y*, we shall have to make 

1 -f ^yp *Dd I — fly> squares ; in order to which, put \ -\- ay = /?", and 

«« — 1 

we get y = ^ , and therefore by substitution, 

a 



• The reader is also referred to Barlow's Theory of Numbers; to 
Lieybourn's Mathematical Repository; to the masterly papers of Mr. 
Cunliffe, in different volumes of the Gentleman's Mathematical Compa- 
nion ; and to a paper, by the late Professor Leslie, In Vol. ii. of the 
Edinburgh Philosophical Transactions. 
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1— ayssl — />• + 1=3 2— p»=D. 

Now in this last expression we must first find a satisfactory value of p by 
trial, which is readily eflfocted, since p = I succeeds : assume, therefore, 
p = I — q, and then 

which denote by 

and we get 

2 — y = r*y — 2r, 

2r + 2 
and, conseqaently, q = . ; 

r'-J- 1 

1 a a(l-f.r«)« 

whence a? = — =: -r = — ^ — - — ^ ; 

y y«-2y 4r(l— r») ' 

where r* may be any number whatever ; and, should any of the resnitiDg 
values of .» be negative, they may, with equal truth, be taken positively, 
as the proposed conditions will evidently obtain in either case. 

Suppose r = 2, and a = 1, then x = — ^, or -f )f. If a = 2, then 
dr = ){ ; and so on for other values. 

The former part of the] above solution might have been conducted 
differently $ thus, 

Put 3s^ •\- ax zz j^ x\ then i -^-a^- p^as, or 

X = — s r; whence, by substitution, 

j»' — 1 

S>J, multiplying by (p* — 1/, we have 

a« - a^p^ + a« = 2a* — a^p* = D, 
and dividing by a*, there results 2 — p' = Q , as before. 
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QUESTION II. 

It is required to find three numbers in arithmetical progression such^^ 
that the sum of every two of them may be a square. 

Let X, X 4- y, and x •\-2y represent the three numbers, and put 

2x 4- 2y = w*, 

2x + 3y = *«; 

then, exterminating x from the two first of these equations, we obtain 

/« — y __ u* — 2y 
2 ■" 2 ' 

from which we get y = «' — ^ = *' — «', and thence 2t«* — <*=:«». 

Put now u =^t%, and this last equation becomes 

2^ja -<» = *«, 

therefore 22^—1 =^ -7 > hence, 2z^ — 1 must be a square, which we find 
to be the case when z = 1, therefore, putting z = I — /», we have 

2j2— 1 = 1 — 4p -f 2p«= D, 
which denote by 

(1 — ,y)a = 1 — 2»y + r*/>«, 
and we have 

— 4p -f 2;>» = — 2rp + r«/>«, 

2r — 4 
from which we get p = -5 » 

,^ _ 2r + 2 
and thence « = 1 — » = z ^^ — ; 

where r may be any number whatever ; and, after having determined t, 
we shall obtain the values of x and y from the equations 

andy= u* —<•=(»»— l)f». 
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t also being any assumed namber. In order that x and y may be positive, 
it is evident that z most lie between I and i^2. 
By talcing r = {, we shall have 

__ 241 T20 

and making ^ = 2 x 31, v^e have x = 482, and y = 2880 $ therefore 482, 
3362, and 6242, are the niuLbers required. 



QUESTION III. 

Find two numbers such, that if to each, as also to their sum, a given 
square, a\ be added, the three sums shall all be squares. 

Let the two numbers be represented by «* — a', and y* — a^, and then 
the two first conditions will be satisfied, and therefore it remains only 
to make 

a? + y — 2a* + a*, or a* -f y* — a*, a square, 

which denote by m*, then 

:^ — a^zztn^ ^ y', or (x -|- a) (« — a) = (»i + y) (m — y). 

Put « -f- « =^P (»» — 2/)> *^®J* * — <* = — -^ ' 

whence x = p(m — y)—- a=: ^— 4- fl> 

p^m — 2a» — »i 
and, consequently, y = ^- ■ ; 

Suppose a s= 1, p = 2, and m = 8, then y = 4, and « = 7. 



QUESTION IV. 



Find three squares, whose sum shall be a square. 
Let the three squares be a^, y*, and z^ ; then 

*"* + y* + »'=D. 
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Put y* = 2xZf or X = ^, and the expression becomes 

x^ -\- 2xz -f- 2^» 

which is obviously a square, y and z being any assumed numbers. If we 
take y =4^ and z:^S, then x= 1, and 

14.16 + 64 = 81. 
Otherwise, assume 

«* +3^+ 22 = (x -f. py=zx^ + 2/i« -f. p*, 

and we shall then have 

2p 
If we take y = 4, z = 8^ and df := 8, we shall have x := 1, as before. 
If we take y = 4^ z = 12^ and p = 10, then x^3, <fec. 



QUESTION V. 

Find three square numbers, whose sum shall be equal to a given 
square number a^. 

Here we have 

Put y^ = 2xz, and we have 

r» + 2OT-f.»* = a«; 
therefore x -f- * = <<> or x = a — z ; and by substitution, 

y* = 2«z — 2s^ 
which denote by p' z^, and we obtain 

2a — 2x = p^x, whence z = , . _ ; 

p' -f- 2 

. . 2a 

therefore x = a — 



p^ + 2 
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If we take a = 0, and p=s4, then z=zl^x=sS, and y = 4. 
Hence the three sqoaiei aie I, 16, and 64 : and 

I 4- 16 +64 = 9*. 



QUESTION YI. 

Find four numbers such^ that if their sum be multiplied by any one 
increased by unity, the products shall all be squares. 

Let w* — 1, «* — 1, y* — 1, and a* — 1, be the four numbers ; then all 
the conditions will be fidftlled, if we make 

in order to which, put to* = 4, then there only remains to make x* + ^ + 
c* == Q , which has been already done, Quest. 4, and x, y, and >, may be 
3, 4, and IS, respectively: hence the required numbers are 3, 8, 1^, 
and 143. 



Q0E8TI0N VII. 

It is required to divide a number that is equal to the sum of two 
known squares, a* and b\ into two other square numbers. 

Let ff' and y* represent the required squares ; then 

or a*— ^=s«' — i*j 

that is, (a -f* y) (a — y) = (* -f* *) (* — *)• 

I 4- b 
Put a -fy = /?(ic — 6), then a — y = — -^ — , whence 

y z=.p{x — h) — a^i^a-^ — ^ — , from which we get 
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Sappose a = 2, and 6 = 9, and assame p = 2, then we have 

OP = 7, and y = /i(x — b) — a= — 6, 
80 that in this case the two required squares are 49 and 36. 



QUESTION VIII. 

Find three square numbers in arithmetical progression. 
Let a^f y^f and s^, represent the three required squares, 

then i^-f.2« = 2i/2, and 

2x* + 2s» = 4y« = n. 

Put X = m 4- n« and z = m — n^ and we have 

\w? + 4n* = 4y *, or w* + «* = y* : 
DOW this last condition is fulfilled by making 

m'=z'p^ — ^, and n =. 2pq j* 

therefore, substituting these values of m and n in the above expressions 
for K and g, we have 

r = p« — y«-f.2/?y, 

s=i/>*— 5^ — 2/?y, 

p and j^ being any numbers whatever. 

If we take p^2, and ^ = 1, we shall have 

a ^7, yss6, and z = l; 
that is, the three squares will be 7^, 6^, and 1^. 

• It is obvious that (p* — fy -f- (2;?f )«=(;?• + ^)«, also 

hence two square numbers may always be readily found such, that their 
sum or their difference shall be a square. 
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QUESTIOH IX. 

Find four numbers such, that their sam shall be a square ; also, if 
their sum be multiplied by any one of them, and the product be in- 
creased by unity, the results shall be all squares. 

Letx — 1, ar+ 1, A' — y, and * + y, represent the four numbers; then 
we ba?e to make 

^~.4x +1 = D> 
4x*-f4jy +l=:?n, 
4x»+4ay + l = n, 

4«* + 4a?y 4- 1 = D : 

now the second and third of these expressions are already squares. It 
only remains, therefore, to make the other three squares. Assume jr =4, 
then the first expression becomes a square, and the fourth and fifth 
become 65 — 16i/, and 65 -|- 16y ; put the first of these =: m', and we get 

y = 72 — 5 P^* *^® second = n*, and we get 

16 

«« — 65 

!/ = - 



16 ' 
whence 65 — m' = «* — 65, or 

«'= 130 — w', which evidently obtains when m=:3, when we have 
n = 1 1 ; therefore y = SJ, and, consequently, the three numbers are 3, 
5, i, and 7 J. 

QUESTION X. 

Find three cube numbers, whose sum shall be a cube. 

Let x', y^t and z^, represent the three cubes, and put their 8iuii 
= (x 4- 8)3 = a^ -f. 3x« z + 3x2« + s^, and there results 

y» = 3x*r + 3x£*. 
Put now X = pzf and then 
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whence 3;?* -j- 3/i = a cube ; 

therefore we have to find, by trial, a satisfactory value of p, which presents 
itself in the case i» = i, consequently, if we make z = 8, we get « = i»« 
= I ; tvhence y = 6, and the three cubes are 1», 6^ and 8^ whose sum is 
9* : and by making z = any multiple of 8, we may obtain as many integral 
solutions as we please. 



QUESTION XI. 

Find three numbers io arithmetical progression such, that the sum 
of their cubes may be a cube. 

Let a — x,a, and a-\- x, represent the three required numbers; then 

the sum of their cubes is Sa^ -f* 6ax', which must be a cube ; or putting 

a a^ 6 

d? = — , we have 3a* + 6 — ^ = a cube, therefore 3 -4- -— = a cube ; and 
p P^ P 

if we now put p* := 2»®, this last expression will become 

3w»-|-3 ^ o , . o 

— : whence 3/r + 3 = a cube, 

nr 

therefore it remains to satisfy the following conditions, viz. 

2«8 = t^y 

3n^ 4~ 3 = A cu^ \ 

the first is readily effected by assuming p'ssz^nqy or 2^1^ = 4n*^, which 
gives n = 2f ; and, by substitution, the second becomes 

24y* -j- 3 = a cube, 

in which a satisfactory value of q immediately presents itself, viz. 7=1, 
which value gives 7i = 2, and ;7 = 4; therefore, assuming a = 4, we 
have x:= 1, and the three required numbers are 3, 4, and 5, which give 

If we take a = 8, then x = 2, and the numbers are 6, 8, and 10, which 

gflve 6' + 8* 10l^= 12)^, and taking a any other multiple of 4, we may 
obtain as many integral solutions as we please. 
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QUESTION XII. 

Find three square numben in arithmetical progression such, that if 
the root of each be increased by 2, the three sums may be all squares, 
of which the sum of the first and third shall be also a square. 

By Question H, the general expressions for the roots of three squarw 
in arithmetical progression are 

or by taking ^ =s I9 these expressions become 

/»« + 2;»-l, 

;»* + i, 

;^— 2p — 1} 
and adding 2 to each of these, according to the questioni we have 

;^ + 2p + l=:D, 
1^ + 3 =0. 

^_2;>4-1 = D; 
also, adding the first and third of these expressions together, 

2/^4-2 =d; 

therefore, since the first and third expressions are already squares, it only 
remains to make 

2;>* + 2=D, 

which they will evidently be when i? = 1 , put then ;? = ?» -f" I9 <^^ ^^ 
have to make 

i?i«4-2wi + 4 = D, 

2m' + 4m -f- 4 = D • 
In order to efiect this, assume the second expression 

:= {nm + 2)' = v?ni? -f" 4»m + 4, 
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and there results 

from which we obtain m = — ^ ^ $ and by substitating this value of 

m in the first expression^ we shall have 

or multiplying by ^^ — r , and adding together the like terms^ we have 

n* — - 2«» + 2«» — 4« -f 4 = D ; 

assume this expression 

== (n« — n + i)«=s«*--2w» 4- 2n«— n + J, 

and we shall then have 

— 4» + 4 = — » + i> .•• n=rj, 



consequently, 



4(1— -«) ,« , , , M 

= -^2 — sr = V> and;?=m+l=y; 



n' — 2 

therefore the three required squares are (^)', (^)*> and (^)S which 

309120 

are in arithmetical progression, the common difference being — t-- — ; and 

49)* 
if we increase the root of each by 2, we shall have the three squares (^)*, 
(^)S and Cfy, of which the sum of the first and third is the square {^)\ 

13. Find two numbers x and y such, that their sum and difference shall 

both be squares. 

Ans. 4 and 6. 

14. Find two square numbers such, that if each be increased by the root 

of the other, the sums shall both be squares* 

Ans. jg and ^, 

15. Find two numbers such, that if the square of each be added to their 
product, the sums shall both be squares. 

Ans. 9 and 16. 

16. Find two fractions such, that if either of them be added to the 
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sqoare of the other, the sams may be equal, and that the sam of their 

squares may be a square number, 

Ans. f and f. 

17. Find two numbers such, that if their product be added to the sum 

of their squares, the result may be a square. 

Ans. 3 and 5. 

JS. Find three numbers such, that if to the square of each the product 
of the other two be added, the results shall all be squares. 

Ans. 9, 73, and 328. 

19. Find two numbers such, that their sum, the sum of their squares, 

and the sum of their cubes, may all be squares. 

Ans. 184 and 345. 

20. Find three numbers such, that their product increased by unity 

shall be a square, also the product of any two increased by unity shall be 

a square. 

Ans. 1, 3, and 8. 

21. Find three numbers, whose sum shall be a square, such, that if the 

square of the first be added to the second, the square of the second to 

the third, and the square of the third to the first, the sums shall be all 

squares. 

Ans. g, ^, and j,- 

22. Find three numbers in arithmetical progression such, that the sum 

of every two may be a square. 

Ans. 120^, 840^, and 1560^. 

23. Find three numbers in geometrical progression such, that the dif- 
ference of ever>' two may be a square. 

Ans. 561, 1008, and 1792. 

24. Find three square numbers such, that the sum of every two may be 
a square. 

Ans. 44l«, rm^ and 240)». 

25. Find three square numbers such, that the diiference of every two 
may be a square. 

Ans. \5^\ lial^, and 697|». 

26* Find three square numbers in geometrical progression such, that if 
any one of them be increased b}' its root, the sum shall be a square. 

Ans. (,%)^ a%y, and (^)«. 
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27. Find three square numbers that shall be in harmonical proportion. 

Ans. 122^, 49> and 26. 

28. Find two numbers 8uch> that their sum shall be equal to the sum 

of their cubes. 

Ans. ^ and f. 

29. Find three cubes such, that if unity be subtracted from each, the 
sum of the remainders shall be a square. 

Ans. («)', m'> and 2». 

30. Find two numbers such, that their sum shall be a square, their dif- 
ference a cube, and the sum of their squares a cube. 

Ans. 23958 and 34606. 

31. Find four numbers such, that the product of any three increased by 
unity shall be a square. 

Ans. i, 2, 3, and JJ8«. 



Note B.— (Pa^e 202.) 

The amount of £1 for one year, increasing at compound interest, due 
at every xth part of a year, is, as in the text, 

which is calculable, even when a is infinitely great, as we have already 
shown. It may be inquired, however, whether A in these circumstances 
be the greatest possible or not. This may be ascertained as follows. 
By the binomial theorem, 

A=a(l+-)'=a{l+r+-4_i. ^+-!^; -' ■^ + ^0.}; 

and since, for any finite value of a, xix — 1) is less than a^\ jf(x — ] ) 
(x — 2) less than ^, <&c. it follows that 



log. A ^ log. a -{- r. 
The series jnst given is remarkable, sliowing that 

(1 H )•= e = 2-718281828 (see page 191.) 



THE END. 
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